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Abstract. Themedanismfor declaringdatatypeso modeldata structuesin

functiond programminglanguagessud as Standad ML and Haslell can offer

both corveniencean programmingandclarity in code With theintroduction of

dependentatatypesn DML, the programmercan modeldata structueswith

motre accuiacy, thuscapturingmore program invariants. In this paper we study
somepractical aspectsof dependentlatatypesthat affect both type-diedking

and compiling patternmatding. Theresults,which havealreadybeentested,
demonstate that dependentatatypecan not only offer various programming
benefitdut alsoleadto performanceagains,yieldinga concetecasewhee safer
programsrun faster

1 Intr oduction

In functionalprogrammnglanguagesuchasStandardviL (SML) (Milner, Tofte, Harper
andMacQueerl997)andHaslell (Peyton Jonestal. 1999),theprogrammecandeclare
datatypeso modelthedatastructuresieededn programmiig andthenusepatternrmatch-
ing to decomposéhevaluesof thedeclareddatatypesThisis amechanisnthatcanoffer
both conveniencein programmingandclarity in code. For instancewe candeclarethe
following datatypein SML to representandom-acces@RA) lists andthenimplementa
functionthattakesO(logn) time to accesshenth elementin agivenRA list (Xi 1999b).

datatype ’'a ralist =

Nil | One of ’'a
| Even of ’'a ralist * 'a ralis t
| Odd of 'a ralist * ’a ralist

Notethatwe intendto useNil for theemptylist, Ongz) for the singletm list consisting

of z, Ever(ly,ly) for thelist z1,v1,...,2,, ¥y, (n > 0) wherel; andl, representists
Ti,...,x, andy, ..., y,, respectrely, andOdd,, ) for x1, vy, ..., Ty, Yn, Tps1 (n >
0) wherel; andi, representists z1, . .., z,, z,41 andy,, ..., y,, respectrely. However,

this datatypedeclarationis unsatiséctory For instance,it cannotenforcethe invariant
thatthetwo argumentof Evenneedto representwo nonemptylists containingthe same
numberof elements.

We have extendedML to DependenML (DML) with arestrictedform of dependent
types(Xi andPfenningl1999;Xi 1998),introducinga notionof dependentlatatypeghat
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fun('a)
uncons (One x) = (x,Nil)
| uncons (Even (I11,12)) =

(case uncons 11 of (x,Nil) = (x,12) | (x,11) => (x,0dd (12,11)) )
| uncons (Odd (I1,12)) =
let wval (x,1) = uncons 11 in (x,Even (12,11)) end
withtype  {n:pos} ’a ralist(n) -> 'a * ’'a ralist(n-1)

Figure 1: The function uncorsin DML

allows the programmetto modeldatastructureswith moreaccurag. In DML, we can
declarea dependentlatatypeasfollows.

datatype ’a ralist (nat) =
Nil (0) | One (1) of 'a
| {n:pos } Even (n+n) of ’'a ralistt n) * ’a ralist (n)
| {n:pos } Odd (n+n+l1l) of ’'a ralist (n+l) * ’a ralist( n)

In this declarationthe datatype’'a ralist is indexed with a naturalnumbey which
standdor thelengthof a RA list in this case For instancethe above syntaxindicateghat

e Oneis assignedhe type schemeva.a — (a)ralist(1), which meansthat One
formsaRA list of lengthl whengiven anelementand
¢ Evenis assignedhefollowing type scheme:

Va.Iln : pos.(a)ralist(n) = (a)ralist(n) — (a)ralist(n + n),

which stateghat Evenyieldsa RA list of lengthn + n whengivena pair of RA
listsof lengthn. Weuse{n:po s} toindicatethatn isuniversaly quantifiedover
positive integers,which is usuallywritten aslin : pos in adependentypetheory

Now we canimplementin DML a function unconsthat takes a nonemptyRA list and
returnsa pair consistingof theheadandthetail of the RA list. We presentheimplemen-
tationin Figure 1. Unfortunately theimplementatn doesnot type-checkn DML for a
simplereason.Notice thatwe needto prove thelist [, is a nonemptyRA list in orderto
type-checkhefollowing clausein theimplementation.

(ZL’, ll) = (I, OdCKZQ. ll))

In DML, patternmatchingis performedsequentiallyat run-time. Therefore,we know
that{; cannotbe Nil whenthe above clauseis chosenat run-time. On the otherhand,
type-checkingn DML, likein ML, assumesondetermiistic patternmatchingignoring
the fact thatthe above clauseis chosenonly if the resultof uncons$i;) doesnot match
the pattern(z, Nil). This exampk clearly illustratesa gap betweenstaticand dynamic
semantic®f patternmatchingin DML.

Obviously, if all patternan a sequencef patternmatchingclausesare mutually dis-
joint, nondetermirstic patternmatchingis equivalentto sequentiapatternmatching. A
straightforvard approachwhich was adoptedin DML, is to requirethat the program-
merreplacethe above clausewith threeclausesasfollows, wherep rangesoverthethree
pattersOneg_), Ever{_) andOdd _).

(x,l; as p) = (z,0dd . 1))



While thisis asimple approachit cancauseagreatdealof inconveniencein programming
aswell asperformancdossat run-time. For instancejn animplementatn of red/black
trees,one patternneedsto be expandedinto 36 disjoint patternsin orderto make the
implemenationtype-checkandthe expansioncauseshe Caml-lightcompiler to produce
significantlyinferior code.

In this paperwe presentinapproachhatbridgesthe gapbetweerstaticanddynamic
semantic®f patternmatchingn DML. Givenpatterns, ..., p,, andp, weintendto find
patterng, . .., p/, suchthatavaluematche® but noneof p; fori = 1,..., m if andonly
if it matcheg’; for somel < j < n. Notethatp,...,p, donothave to be mutually
disjoint. We emphasizéhatresolvingsequentiali in patternmatchingis only needed
for type-checkingn DML; it is not neededfor compiing programsin DML. Similar
problemshave alreadybeenextensvely studiedin the context of lazy patternmatching
compilaton (Augustssen 1985;PuelandSuarez1993;Laville 1990;Marangetl994).In
this paper we essentiallyfollow Laville’s approacho resolvingsequentiaty in pattern
matching® However, thereremainsa significantissuein our casethat hasnever been
studiedbefore. We needan approachthat canproducethe leastn soasto minimize the
numberof constraintgeneratediuringtype-checkingWe prove thatwe have foundsuch

anapproachwhichis themaintechnicalcontribution of the paper

Thereis yetanothelissue.Whentype-checkingheimplementationin Figurel (after
the above expansim), the DML type-checkr generates warning messagestatingthat
the patternmatchingis nonexhausive asit assumeshat unconsmay be appliedto Nil.
We caneliminatethis boguswarningmessag®y verifying thatNil cannever have atype
(7)ralist(n) for ary positive integern. Thisimmediatelyimpliesthatthereis no needto
inserta tag checkfor checkingwhetherthe agumentof unconsis Nil at run-timewhen
we compiletheimplenmentationin Figurel. We will explain how suchtagcheckscanbe
eliminatedn Sectiond. Notethatthisis anissuesimilar to arrayboundcheckelimination.
Along this line, we canfind casessuchasan interpreterfor a simply typed functional
programminglanguagewhereno run-time tag checksare neededior decomposig the
valuesof certaindatatypes.

The restof the paperis organizedasfollows. In Section2, we presentsomebasics
on typesandpatternmatchingin DML. We thenstatein Section3 a problemon pattern
matchingin DML andpreseng solution to this problem.We alsoprove thatthe solution
is optimal accordingto a reasonableriterion. In Section4, we study patternmatching
compilatonin the presencef dependentypesandpresentanexample.We alsopresent
someexperimenal resultsin Section5 and provide somebrief explanation Lastly, we
mentionsomerelatedwork andconclude.

2 Preliminaries

We presentin this sectionsomefeaturesn DML thatarenecessaryor our study Please
find moredetailsin (Xi andPfenningl1999;Xi 1998).

Laville’ sapprachis simplebut canbe expersive. In theory theappoachleadsto analgorithm thatis
exponentialon the sizeof input patterrs. Also, the approachcannothandleinteger patterrs becausef the
existenceof infinitely mary integerconstantsbut thisis nota problemin our setting,whichwewill explain
shortly.



index expressions i, j
index propositions P

alelitjli—jlixjlitj
i<jli<jli>jli>jli=jli#j|PiA P| PV P,
indexsorts vy int| {a:v| P} |y
index variabde contexts ¢ | d,a:vy| o, P
satishctionrelation =P
index constraits & P|P>®|VYa:~.0

Figure 2: The syntax for type index expressions

2.1 Typesin DML

Intuitively speakingdependentypesaretypeswhich dependon the valuesof language
expressions For instance we may form a type int(i) for eachinteger: to meanthat
every integer expressiorof this type musthave values, thatis, int(i) is asingleta type.
Note that: is the expressionon which this type depends.We usethe nametype index
expressiorfor suchanexpressionTherearevariouscompellingreasonssuchaspractical
type-checkingfor imposng restrictionson expressionghatcanbe choserastype index
expressions A novelty in DML is to requirethattypeindex expressios be dravn only
from a given constraintdomain. For instance the syntaxfor type index expressias in
someinteger domainis givenin Figure 2, wherewe usea for typeindex variablesand
c for fixed integers. Note that the languagefor type index expressionss typed. We
usethe namesort for a type in this languageso asto avoid potentialconfusion. We
use- for the emptyindex variable context and omit the standardsorting rules for this
languageWe write {a : v | P} to denotethe subsesortfor thoseelementf sorty that
satisfythe propositon P. For example,we usenat asan abbreiation for the subsetsort
{a : int | a > 0}. Wewrite ¢ |= ¢ to meanthatthe constraintd is satisfiedunderthe
index contet ¢, thatis, the formula (¢)® is satisfiablen the domainof integers,where
(¢)® is definedbelow.

()b=2 (¢.a :int)® = (§)Va : int. D
(¢, P)® = (¢)(PD®) (p,{a:7v]|P})® = (d,a:7)(P D)

For instance the satisfiabilty relationa : nat,b : int,a +1 = b = b > 0 holdssince
the following formulais true in the integer domain: Va : int.a > 0 D Vb : int.a +
1 = b D b > 0 Note thatthe decidability of the satishctionrelation dependson the
constraindomain.For theinteger constraindomainwe usehere thesatishctionrelation
is decidableaswe do notacceptonlinearintegerconstraints.

Thetypesandtype schemesn DML areformedasfollows. We usea for type vari-
ablesand/ for type constructorsAlso, we use7 andr for (possiblyempty)sequencesf
typesandtypeindexes.

types 7 = a| (F)OD) |1 |m*xn|m—m|Ha: v |Xa: .7
typeschemeso := 7 |Va.o

For instancelist is atypeconstructoand(int)list(n) is thetypefor integerlists of length
n. We usella : v.7 (Xa : v.7) for a universal(an existental) dependentype. As an
example,the universaldependentype Ila : nat.(int)list(a) — (int)list(a) captureghe
invariantof a functionwhich, for every naturalnumbera, returnsanintegerlist of length
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Figure 3: Type conversion rules

a when given an integer list of lengtha. Also we usethe existental dependentype
Ya : nat.(int)list(a) for integerlists of unknavn length.

The typing rulesfor this languageshouldbe familiar from a dependentiytyped A-
calculus(suchastheoneunderlyingCogor NuPrl). Thecritical notionof typecorversion
usesthe judgment¢ + 71 = 7, which is a congruentextenson of equality on index
expressionso arbitrarytypes.Thetypeconversionrulesarelistedin Figure3. Noticethat
constraintanay be generatedvhentheserulesare applied. For instance the constraint
¢ = (a+n)+ 1= m+ nisgeneratedn orderto derive ¢ - (int)list((a +n) + 1) =
(int)list(m + n).

2.2 Pattern Matching in DML

We briefly presensomeformalismanda concreteexamplein this sectionto explain how
a patternmatchingclauses type-checlkdin DML.

We omit the definition for expressions: in DML, which are essentiallyexpressions
in a A-calculusenrichedwith patternmatching.A patternin DML is definedasfollows,
wherewe usex for variables e for wildcardandc for constructors.

patternsp = x| e | c(p) | () | (p1,p2) | p1 @S po

We may write ¢(p1, ..., p,) for ¢((p1,...,pn)) andc for ¢(()). Note thata variableis
allowedto occurat mostoncein a pattern. If p containsno variables(but may contain
wildcards),thenwe call p a constantpattern. We usep, as p, for a composié pattern,
wherewe requirep, to bemorespecificthanp, asis definedin Definition3.1,andavalue
v matcheghe patternp; as p, if v matchesothp, andps.

In DML, atyping judgmentis of theform ¢; I" F e : 7, which stateghattheexpression
e canbeassignedhetyper undertheindex variablecontet ¢ andtheexpressiorvariable
contet I'. Therule (type-match) for typing a patternmatchingclausep = ¢ is given as
follows:
pln>(¢i1) 6,8 T 1"Fe:n
(ﬁ;F*‘pj(ﬁ:’ﬁiTg

2We assumethat eachconstrutor is unary thatis, it takes exactly one argument. For a constructor
takingno argument,we cantreatit asa constrictor takingtheunit () asits argument.



PRy s (pat-var) W (pat-wild) W (pat-unit)
Pl T (01 11) po |l > (d2;1) _
(p1,p2) | 71 *x T2 > (1, 02511, T2) (pat-prod)
Pl 7> (1,12) pa | 7D (¢, 1) ]
praspy | 7> (1, 2511, Tg) (pat-as)
S0 =18 47~ @30) plrld=ile @) o
clp) L (F)O(g) > (@:7,7=7,¢: 1)

Figure 4: Typing rules for patterns

A judgmenibftheformp | 7>(¢;T"), whichreadscheingp againstr yields¢; I', means
thatif p is requiredto have type 7 thenwe needto form index and expressionvariable
contexts ¢ andl” sothato; I' F p : 7 is derivalde. Therulesfor deriving sucha judgment
arelistedin Figure4, whereS(c) denoteshe type assignedo the constructorc in the
signatureS. For instancegivenapatternp = cons((x, zs)) andatyper = (a)list(n),

we candervep | 7 > ¢; I for thefollowing ¢ andT:

¢p=(a:nat,a+1=mn) and I' = (z : a,zs : (a)list(a)),
wherewe assumehatcons is assignedhefollowing type scheme:
Ia : nat.a x (a)list(a) — (a)list(a + 1).

A patternmatchingclausep = e canbeassignedhetyper; = 7 if e canbeassigned
thetype m, undertheassumptia thatp is requiredto have thetype ;.

3 ResolvingSequentiality

In this sectionwe bridgethegapbetweerdynamicandstaticsemantic®f patternmatch-
ingin DML. Given patterns, . . ., p,, andp of typer, whatwe needs essentiaif to form
anindex variablecontext ¢ to recordthe constraintghatmustbe satisfiedf avalueis to
matchp but noneof p4,...,p,. Forintegerconstants,,..., i, andaninteger pattern
variablez, we cansimply form theindex variablecontext ¢ = (a : int,a # i1,...,a #
i) if we know aninteger of typeint(a) matchese but noneof iy, . .., i,,. However, there
seemano sucha stratey for generalpatterns.Insteadwe areto find patterng’, ..., p/,
suchthata valuematcheg), for somel < i < n if andonly if it matcheg but noneof
p1,-- -, Pm- Thistaskitself requiresnouseof dependentypes.For simplicity, we assume
thatwe areworkingin asimply typelanguageVL, (Xi 1998),whichis essentiallymini-
ML (Clément,Despgroux, Despgroux, andKahn 1986)extendedwith generalpattern
matching.In particular a case-gpressionn ML, is written asfollows.

caseegof pry = e |- |pi=e | | pn=en

A typingjudgmentin ML, isof theformI' |- e : 7, which stateghatexpressiore is given
typer undercontext I' in which all free expressiorvariablesn e aredeclaredandvalues
aredefinedasfollows.

values v = z|c(v) | ()| (v1,v2) |lamzx : T.e



e — v U lpi>0 €l —v

(case-nd)
caseepof py=e |-+ |pi=e | | pp=€,—v

) — vy U >0 v for1 <j<i ¢l —wv
0 0 0 »l/p O/Zp] >~ [] (Case_seq)
caseepof py = e |- | pi=e| | pp=>e€,—0

Figure 5: The nondeterministic and sequential evaluation rules for case-
expressions

A valueis closedif it containsno free expressiorvariables.Given avaluev anda pattern
p, wewrite v | p > 60 to meanthatmatchingvaluev againspatternp yieldsa substitdion
. Therulesfor deriving suchajudgnmentaregivenasfollows.

v]er| v]a> [z
vy pi>0r v | pa>0;
OLO1 (v1,v2) | (p1,p2) > 01 U O,
v])pr>0 v pi>0 v p>0s
c() | e(p) >0 v]praspy>0,Ub,

We use|] for theemptysubstiutionandf|[z — v] for the substituion thatextendsd with
amappingfrom z to v. Also we used; U6, for theunionof two substititionswith distinct
domains. We write v | p if v matchesp, i.e.,v | p > 6 holdsfor some#, andv { p
otherwise.We saytwo patternsp; andp, aredisjoint if thereexistsno valuev suchthat
bothv | p; andv | p, hold.

Definition 3.1 Giventwo patterrs p; andp,, p; < p, holdsif we canderivep; | p, by
treatingp, asavalue Wewrite p; < ps if p1 < po butnotpy < py. Intuitively, p; < po
meanghatp; is more specificthanp,.

We write e — v to meanthatexpressiore evaluatedo v, which canbedefinedin the
styleof naturalsemantis (Kahn1987).We presenbothnondetermistic andsequential
rulesfor evaluatng acase-gpressiorin Figure5. NotethatDML usegherule (case-seq)
for evaluatirg a case-gpression.

Giventhefollowing case-gpression,
casecof py=ei |- |pi=e | | pn=en

we areinterestedn finding constanfpatternsy; |, ..., p;,,. for eachp; suchthatavalue
matcheg] ; for somel < j < n; if andonly if it matchesp; but noneof pi, ..., p;1.

Notethataconstanpatternis onethatdoesnotcontainpatternvariablegbut maycontain
wildcards).Thisallowsusto replacep; = e; with asequencef patternmatchingclauses

Pig @S p; = €| | Pin, S P = €.

while preservingthe dynamic semanticsof the case-gpression? Notice that p; ; and
pi;» Mustbe disjoint patternsfor ¢ # '. Therefore,this replacementlosesthe gap

3We presenno prod for this fact,which, thoudh straightfoward, requres a formal definition of opera-
tional equivalence.



in DML betweenthe dynamt semanticswhere patternmatchingis donesequentially
andthe staticsemanticswherepatternmatchingis donenondetermirstically. Clearly
for the sale of efficient type-checkingit is desirableto keepn,; assmallaspossibé for
1 < ¢ < n asthis minimizesthe numberof constraintgeneratedor type-checkinghe
clausew; = ¢;.

3.1 The Approach

We presentasimpleexamplebeforeformally describinghe proposedpproacho resolv-
ing sequentialityin patternmatching Suppose = e andp; = (nil, nil). Also suppose
nil andcons aretheonly constructor@ssociateavith thedatatypea)list. Theproblem
is to find patternsp’, ..., p/, suchthata valuev matchesp but not p, if andonly if v

matcheg’; for somel < j < n. In this casetheminimum valueof n is 2 andp1, p, are
(conge), e), (e, conge)). Notethatp) andp, arenot(requiredto be)disjoint.

Definition 3.2 Givenatyper anda patternp, p is a T-patternif p | 7 is derivablewith
thefollowingrules.

Fel T Fal 7 FOU1
Fpilmn Epln Fprdm Fpo 7
F (p1,p2) U 7% 7o Fprasp T

Sle)=17—(d)d Fplrjd:=7
=e(p) U (7)0

Clearly, if p || 7 is derivable thenthere existsI” sudthatI' - p : 7 is derivable

For therestof this section,we assumehatfor every r-patternp thereexists a closed
valuev matchingp if 7 is closed thatis, 7 containsnofreetypevariables.This allows us
to rule out somepathologcal cases'

Definition 3.3 Givenn patternsp,,...,p,, wheen > 1, wedefinep; v --- VvV p, asa
disjunctve patternsud that a value v matesthis patternif and only if v matdesp;
for somel < i < n. Weuse[p], for the setof closedvaluesof typer that matd p, and
[pl\/vpn]T: [pl]TUU[ n]T-

Formally speakingwe intendto find anapproachhat,whengiven alist of 7-patterns
P, p1,-- -, Dn, CANYield patterng), . . ., p/, suchthat

Pl \[p1V - Vpulr = [Py V-V pils

Weregardasolutionto beoptimd if it findstheminimalr»’. Withoutlossof generalitywe
canassumehatall the patternscontainno variables(but they may containwildcards)in
therestof thesection.Notethatthis assumpon makesit nolongernecessaryo consider
composié patterns.

Definition 3.4 Giventwo patternsp; andp., a judgmentoftheformp, & p, > p canbe
derivedwith thefollowing rules.

Fp& e >p Fe&p > p (&> ()
Fpu &pa>pr Fpi2 & pao>po Fpi&pa>p
F (p11, p12) & (P21, p22) > (p1, P2) Fc(p1) & c(p2) > c(p)

4In ML, it is possibleto declarea datatye thatcontainsno valuesandsucha datatyge seemsiselessn
practice.
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c(p) = {c'(¢) | 8(c') = d(c) and<’ # c} U {c(p') | ' € P}

(p1,p2) = {(p,®) | pe P} U{(o,p) | p € D2}
PV Vo, ={piA---AD, | Dy €D, -, D), €D}

Figure 6: The complement of patterns

If p1 & pot>p isderivable weusep; A p, for thepatternp; otherwise p; A p, is undefined.
Theintuition is thata valuev matdesbothp, andp, if andonlyif v matdhesp; A p..

Proposition 3.5 Givenpatternsp; andp,, we havethefollowing

1. If v | p; andv | p, for somevaluev, thenv | p; A ps.
2. If p < p; andp < p, for somepatternp, thenp < p; A ps.

Proof Thisis straightforvard. [

Definition 3.6 LetV bea setof closedvaluesof typer. A r-patternp is a (V. 7)-pattern
if [p]. C V. Givena (V, 7)-patternp, if [p|, C [p]. implies|p|, = [p'] for every (V, 7)-
patternp’, thenp is (V, 7)-maximal.

Proposition 3.7 We havethefollowing.

1. Giventwo 7-patternsp; andp,, p; < p, implies(p;|, C [p.], for everytyper.

2. LetV beasetof closedvaluesof typer andp bea (V, 7)-pattern. Thenthereis a
maximal(V, 7)-patternp’ sudthatp < p’

3. Letpy,...p, ber-patternsandV = [p; V -+ V p,],. If pisa (V,7)-maximal
pattern,thenp; < p holdsfor somel < i < n.

Proof (1) is straighforward. (2) followsthefactthattherecannotexist aninfinite chain
likep < p1 < p2 < ....(3)followsfrom astructuralinductionon p. ]

Definition 3.8 For every constructorc in ML, we used(c) for the type constructors
sud that c is assigneda type of the form 7 — (@)J. We definethe complemeng of
patternp in Figure 6, which is a setof patterns.We definep \ (p; VvV ---V p,) as

{pAp [P €pV-—Vp,}.

We assumehatfor eachd thereareonly finitely mary constructors suchthato(c) = 0.
Integerpatternsarehandleddifferently asis explainedat the beginning of the section.

Proposition 3.9 We havethefollowing.

1. Letp, py, ..., p, ber-patternsfor atyper. Theneverypatternin p\ (p1V---Vp,)
is alsoa T-pattern.
2. Givena typer, everyvaluein [p|, \ [p1 V --- V p,|, mathessomepatternin

3. Givenavaluev of typer, if v matdhessomepatterninp \ (p; V --- V p,,) thenv

isin[pl- \ [p1 V-V pnl..
Proof Thisis straightforvard. [



Lemma 3.10 (Main Lemma)Letp;, ..., p, ber-patternsandV = [p|. \ [p1 V- - -V py]~.
Thenfor eadt given(V, 7)-patternp’ we canfind a patternp” € p \ (p1 V -+ V p,,) sudh
thatp’ < p” holds.

Proof By Propositim 3.5(2), it is enoughto provethisfor p = e andn = 1. We proceed
by a structuralinductionon p; .

e p; = e. Thenitis trivial.

e p; = c(p11). Thiscaseémmediatelyfollows from inductionhypahesison p1;.

e p; = (p11,p12). Thent = 1 x 7, for sometypesr, ». We canassumehat
P = (p}, vh) wherep, aresomer;-patterndor i = 1,2. LetV; = [o],, \ [p1]~, fOr
1 =1, 2. We have severalcases.

— p} isa(Vq, m)-pattern.By inductionhypottesis,thereexistsp/ € pr such
thatp < pi. Hence,(p}. py) < (p}.e) € p.

— phisa(Vs, 7o)-pattern.Thisis similar to the previouscase.

— Neitherof p} is a (V;, ;)-patternfor i = 1,2. This impliesthatwe can
find valuesuv; of type 7; suchthatv; ¢ V; holdfori = 1,2. Thus,v; | p}
holdfor i = 1,2, andthisyieldsv = (v, v2) | (p),ph) = p’. Also note
thatv; € [py],, fori = 1,2, whichimpliesv = (vy,v3) € [pi1].. This
contradictg’ beinga (V, 7)-pattern.Thereforethis casecannever occur

Theorem 3.11 Letp, py, ..., p, ber-patternsandV = [p|,\[p1 V - - - V p,], for agiven
typer. Letpl, ..., p,, bealist of patternsin p\(p, V - - - V p,) such that(a) p; £ p’ for
1 <i# j < mand(b)foreveryp € p\(p1 V---V p,) wehavep' < p; for some
1 <k<m.ThenV =[pyVv---Vvpll.. fV =[p]Vv---Vpl,l for somepatterns

Py, -, pl, thenm < m/.

Proof By Lemma3.10,it is clearthateveryp! is (V, 7)-maximalfori = 1, ..., m.

Assumev € V. By Proposition3.9 (2), v matchessomep’ in p\(p1 V --- V p,),
thatis, v € [p];. Sincep’ < pj for somek, we have v € [p)], by Proposition3.7 (1).
Hence,V C [pi|,U...U[p,,]. =[p) V- -- VP ].. Obviously [p| V. ---Vvp |- CV by
Proposition3.9(3). ThereforeV = [pj VvV --- VvV pl,].

AssumeV = [piV---Vvp,.]. Foreveryl <i < n/, pj < p;. holdsfor somel < k; <
m' by the definitionof p!, ..., pj, andLemmag3.10. Therefore,V’ = [p}, V ---V p} ].
Assumem’ < m. Thenthereexists1 < j < m suchthatj # k; for every1 <i < m/.
Sincep/; is (V, 7)-maximal,we have p; < p/; for somel < i < m' by Proposition3.7
(3). This contradictgo thedefinitionof p/, ..., p/,. Thus,m < m/'. ]

Thereforegivenpatterns, p1, ..., p,, Theorem3.11gives usamethodto computepat-
ternsp, ..., p., suchthata valuev matchessomep, for 1 < i < n if andonly if v

matche but noneof p4, .. ., p,, andthis methodalwaysyieldstheminimaln’'.

Notethatthe presente@pproactdoesnot applyto integer patternssincetherearein-
finitely mary integerconstantsHowever, thereis alsono needfor applyingtheapproach
to integer patternssincewe canusethe simplestratgy at the beginning of this sectionto
dealwith integerpatterns.



fun restore (R(R t, vy, ¢), z d =RB1t vy, B, 2z d)
restore (R(@a, X, R, vy, ¢), 1z d R(B@, x, b), vy, B(c, z d)
restore (@, X, R(R(b, vy, ¢), 1z d) R(B@, x, b), vy, B(c, z d)
restore (@, X, R(Mb, y, Rt) =RMB@E, X b), y, B
restore t == Bt (* == : indicat ion for resolvin g sequentia lity *)

Figure 7: An example in DML

3.2 SomeApplications

The codein Figure 7 is extractedfrom a red-blacktree implementationin DML. The
functionrestoe essentiallyrestoreghroughtreerotationssomeinvariantsof a red-black
treethataredestryedafteranelements inserted.

We find it usefulto allow the programmeto decidewhethersequentiali in pattern
matchingneedso beresohed. If the programmeiknows patternmatchingin someim-
plementationcan be donenondetermirstically (and may want to testit), thenthereis
simply no needfor resolvingsequentialif. For instancejt is clearly sucha casewhere
no dependentiatatypeare involved in patternmatching. This is alsoin line with the
designmethodobgy behindDML.: the programmeishoutl not pay for whatis not used.
Nonethelessye emphasizéhatthe programmecanalwayschooseo resole sequential-
ity whenit is unclearwhetherthisis neededIn Figure7, theprogrammeuseghe syntax
to indicatethat only the last clauseneedsto be expandednto a sequencef clausedor
resolvingsequentiaty in patternmatchingwhile thereis no needto do so for the first
four clausesin this casethelastclauseexpandsnto 36 clausef theform

restoe(t as (pi,_,p2)) = B(t),

wherep,; andp, rangeoverthefollowing 6 patterns:F, B(_), R(F, _, E), R(E, _, B(_)),
R(B(),_,F),andR(B(_),_, B(_)). If the programmeiis requiredto resole sequen-
tiality in patternrmatchingmanuallyit is notonly errorpronebut canalsomake aprogram
lessreadableandprobablycausea compilerto produceinferior code.

Theapproacho resolvingsequentiaty in patternmatchings alsousefulfor detecting
the exhaustvenesf a sequencef patternswith respecto a giventype. For instance,
thefollowing codeimplementsa functionthatzipstogetherwo lists of the sameength.

fun(a, 'b)
zip  (nil, ni) = nil
| zip (cons(x, xs), cons(y, Vys) = (x, y) = zip (xs, Vys)
withtype
{n:nat } ’a list(n) * b list(n) > (a * ’b) list( n)

With the presentedapproachwe canfind the patterns(cong_), nil) and (nil,cong_))
suchthatarny pair of lists matchesone of themif andonly if the pair matchesneither
(nil, nil) nor (congx, xs), congy, ys)). However, neither(cong_), nil) nor (nil, cong_))
canhave atypeof theform (7, )list(n)  (72)list(n) for ary naturalnumbern. Therefore,
we can simply concludethat the patternmatchingclausesin the definition of zip are
exhaustve. Pleasesee(Xi 1999a)for moredetails.As it is frequentto encountepattern
matchingfailure in practice,it is often a standardeaturein mary compilersto perform
patternmatchingexhaustvenessdetection. Therefore we expectthatthis featurein the
presenceof dependentlatatypesanbe of greatervaluefor catchingprogramerrorsat
compile-time sincedatastructurescannow be modeledwith moreaccurag.



4 Tag Check Elimination

Patternmatchingcompilationis essentiallya procesdo transformpatternmatchinginto
asequencef elementaryf-then-elsechecksontags.

4.1 The Approach

We presensomebasicson tag checkeliminatian in the presencef dependentypes.An
expressiorin ML is internallyrepresentedsa syntaxtreeanda positionin asyntaxtree
is of theform o.i;. .. .. in, Whereo standdfor theroot position andeachi; indicatesthat
we take the i;th branchof the currentnode(branchnumberingstartsfrom 0). Givenan
expressiore, the subexpressionof e at position pos is the expressiorrepresentetby the
subtreeof the syntaxtreeof e atpositionpos.

For instancewe cangenerateéhetagtesttreein Figure8 (with bothnode5 andnode
6 uncrossedt first) for compiing the function zip. Given avaluewv, we canusethetree
to performpatternmatchingasfollows. At theroot, we assumehatthevaluematcheghe
pattern(e, ), thatis, thevalueis apair. We thencheckthetagof thesubexpressiorof v at
positian 0.0, thatis, theleft componenbf the pair, reachingeithernode2 or 3 depending
onwhetherthetagstanddor nil or cons. Therestof thenodescanbeexplainedsimilarly.
In generalevery nodein atesttree containsa patternwhich the valuemustmatchwhen
tagcheckingreacheshatnode andeveryinnernodealsocontainsa posiion thatindicates
the subexpresson onwhich the subsequentigcheckshouldbe performed.

pat=(e,e)
7] Pos=o.0
|
pat= (nil, e) pat= (cons(e,e),e)

7| pos=o.1 ?I pos=o.1

pat= (nil, nil) pat= (ik«<eris(e,)) | | pat= (¢ ), nil) | |pat= (cons(e, o), cons(e,e))

[4] 3 6 7]

Figure 8: A test tree for pattern matching compilation

We now usedependentypesto prunethetesttreein Figure8. Notethatthetesttree
is generatedor valuesof typer = ((a)list(n), (a)list(n)), wheren is anindex variable
of sortnat. Therefore,a leaf nodeis reachableonly if the patternattachedo it canbe
assignedhetyper. For p = (nil, cons(e, e)), we canderivep |} 7 > (¢; -) with therules
in Figure4, where¢ isa : nat,a + 1 = n,0 = n. Clearly, ¢ is a contradictorycontext
sinceno numbern canbeboth( anda + 1 for somenaturalnumbera. Thisimpliesthat
no pair of lists of equallengthcanmatchp asis provenin (Xi 1999a). We thuscross
out leaf node5 sinceit is unreachable Similarly, we cancrossout leaf node6. Since
thereis only onenodecomingout of the node2, thereis no tagchecknecessaryor that
node. Thus,we replacenode2 with node4. Similarly, we replacenode3 with node?.
Thefinal testtreeis givenin Figure9, which meanghatwe needonly onetagcheckon
the left componenbf a pair of lists to determinewhetherthe pair matchegnil, nil) or
(cons(e, @), cons(e,e)).



pat= (e, )
Tl pos= 0.0
pat= (nil, nil) pat= (cons(e,e), cons(e,e))
4] 7]

Figure 9: The final test tree

fun evaluate e = eval(e, )

and eval (Zero(e) , env) = let
val Valint i = eval (e, env)
in ValBool (i = 0) end

Figure 10: Code fragment for an interpreter

The generalstratgyy for tag checkelimination can be describedas follows. Let e
be a case-gpressioncase ey of py = e; | -+ | pn» = e, in awell-typed programP
in DML. In thetyping derivation that establisheshe well-typednesof P, we canfind
typing dervatonsof ¢;I' - ey : 7o ando; ' - p; > e; : 79 — 7 (1 < i < n) for some
index variablecontet ¢, expressiorvariablecontet I andtypesr, andr. Givenpatterns
p1, - ... Pn, WECONStructitesttreefor patterns,, . . . , p,, asis describecibose.® For each
leaf node,we checkthe attachedpatternp againstr,, derving a judgmentof the form
p 4 70> (¢o, ). If thecontet ¢, ¢y is contradictory we crossout the leaf node. We
thencrossout aninner nodeif all branchesomingout of it arecrossedut. Finally, if
thereis only onebranchcomingout of aninnernode,we replacetheinnernodewith the
branch.Theresultingtesttreeis thento be usedfor compiing the case-gpression.

4.2 An Example

In theimplemenationof aninterpreterfor a programming languageit is oftennecessary
to usetagsto distinguishvalues,namely evaluaton results of differenttypes.

Let us declaretwo datatypesexp and value representingexpressiongin the object
language)that are to be evaluated and resultsthat are to be returnedfrom evaluation,
respectrely. For instancewe useZero(e) for the zeroteston expressiore andValint(7)
for anintegerresult.

datatype exp = ... | Zero of exp |
datatype value =
| ValBool of bool | Valint of int |

In Figure10,thecodefragmentllustratesthattheevaluationfunctionevaluatecallsfunc-
tion eval, which takesan expressiorandan ervironment(representedsa list of values)
bindingthe free variablesin the expressiorno values,andreturnsa value. The codealso
shavstheevaluation of anexpressiorof theform Zem(e), thatis, thezeroteston e; when
eval(e, ernv) returnswe needto checkthetagof thereturnedvalueto determinevhetherit

SThee arevarious method for doing this suchasthe onesin (MacQueerandBaudinet1985 Leroy
1990 or Wadlers Chapteiin (Peyton Jonesl987)



last nth zip evaluate
smi/nj 4.00/3.36(16%) 2.03/1.34(34%) 0.70/049(30%) 3.02/2.91(4%)
ocaml 12.11/11.485%) 18.0/14.921%) 2.11/205(3%) 9.84/9.632%)
ocamlopt 2.35/2.34& 1%) 1.15/1.14(< 1%) 1.40/140(0%) 1.35/120(11%)

Figure 11: Some experiment results on tag check elimination

represent¥alint; if it is, we extractouttheintegerresulti andreturneitherValBod (true)
or ValBod (false) dependingon whetheri is 0. Thereareusuallya vastnumberof such
tagchecksduringevaluaton.

Now supposehat the interpreteris written for sometyped programmig language
Lam andcanonly be appliedto an expressionthat represents well-typed programin
Lam. This meansthate shouldalways standfor aninteger expressionin Lam when
Zem(e) is formedandeval(e, erv) shouldreturna valuerepresentin@ninteger, namely
avaluethat matcheghe patternValint(:). Thus,we shouldbe ableto eliminatethe tag
checkwhencompiling the following line in the definitionof eval.

val Valint i = eval (e, env)

We canindeedusethe type systemof DML to capturethe above reasoning.The basic
ideais to refinethe datatypeexp into exp(t, c) suchthateachexpressiorof type exp(t, c)
standdor atermin Lam thatis of typet undercontext ¢, wherea context is represented
asa list of typesin Lam. Similarly, we refinevalueinto valugt). We canthenassign
evaluatethefollowing type,

{t:typ} exp(t, Empty) -> value(t)

which statesthat evaluatereturnsa resultrepresenting value of type ¢ in Lam when
givenanexpressiorrepresenting closedtermof typet in Lam (notethatEmptystands
for anemptycontet). We remarkthattyp is asort(notatype)in DML for typeindex

expressiorrepresentingypesin Lam.

5 Experimentation

Theapproacho resolvingsequentiali in patternmatchingin Section3 hasalreadybeen
implemenédin DML andit is frequentlyusedin practice.

The methodin Section4 for eliminating tag checksduring patterncompilation has
yet to be implemented. Currently the dependentypesin a DML programare erased
aftertype-checkingandthis erasuranakesthe DML programa well-typedML program,
which canthenbe compiled usingan existing ML compiler. Unfortunately dependent
typesareneededo be presenfor tag checkelimination Thus,it is currentlydifficult to
adoptthemethodnto anexisting ML compiler thoughtheimplementatn of themethod
itself seemsstraightforvard.

Thereare nonethelessomeunsafefeaturesin SML/NJ (Unsafe.castand Objectve
Caml(Obj.magic)allowing usto experimentwith tag checkeliminationandmeasurehe
potentialperformanceayains.

All of our experimentsare performedon a machinewith a Pentium550 MHz CPU
runningLinux Redha{version5.2). Thethreesetsof datain Figurellarecollectedusing
the SML/NJ compiler (version110.0.3),the OCAML bytecodecompiler(version2.02)



andthe OCAML native codecompiler(version2.02). We give somebrief descriptionon
thetestedprograms.

last We locatethelastelementof aninteger list of length10, 000 repeatedlyfor 10, 000
times.

nth We find thenth elemenitn anintegerlist of length10, 000 forn = 0,1, ..., 9999.

zip We zip togetheitwo integerlists of length10, 000 repeatedlyfor 100 times.

evaluate We useaninterpreterfor Lam to evaluatethe 30th Fibonaccinumber

rbtr ee We form a red-blacktree containing 100, 000 distinct naturalnumberschosen
randomly Theimplementationof red-blackireess largely adoptedrom (Okasaki
1998).

We usetheformatt,; /t; (n%) in Figurellto indicatethatit takest; (¢,) secondgo run
the experimentwithout (with) tag checkeliminationandi, is n% lessthant,. Garbage
collectiontime is excludedwhenSML/NJis usedandincludedotherwise.

Tag checkeliminationleadsto virtually no gainin the caseof last, nth andzip when
the OCAML native compileris used. This is not surprisng sincewhatis eliminatedis
simply a conditionaltestandno memoryinstructon is involved. On the otherhand,the
significantgainsin thesecasesvhenthe SML/NJ compileris usedseemto indicatethat
tagcheckelimination mayhave interactedwvith othercompiler optimizationssuchasloop
unrolling.

Thoughthe gainsare mamginal at bestin someof the presentectaseswe feel that
tag checkeliminationis justified as (a) the main machineryfor tag checkeliminaion is
alreadysetup duringtype-checking(b) tagcheckelimination alwaysremovesdeadcode
andthusleadsto moreefficient codethatis of smallersize,and(c) tagcheckelimination
becomesmecessaryf we intendto build a certifying compiler that can certify that no
matchfailurecanresultfrom thecodegeneratedrom a setof exhaustve patternmatching
clauses Notethat(b) is a strongpoint asit clearly separatesag checkelimination from
variousheuristiccompiler optimizationsthat make someprogramsrun fasterbut slow
othersdown.

6 RelatedWork

A studyon patternrmatchingcompilationin ML canbefoundin (MacQueerandBaudinet
1985),whereheuristicsarepresentedor arrangingtag checkssoasto minimize the size
of generatedesttrees. Also patternmatchingcompilationfor lazy evaluaton is studed
in (Augustssorl985; Laville 1988;PuelandSuarez1993). Clearly, we canalwaysuse
the method presentedn thesestudiesto generatea testtree andthenfurther prunethe
testtreewith themethodgivenin Section4.

Patternmatchingwith dependentypesin Martin-Lof’s type theory (Nordstbm, Pe-
tersson,and Smith 1990) is studiedin (Coquand1992). There,somesufficient condi-
tionsarepresentedo ensurehecorrectnessf afunctiondefinitiongiventhroughpattern
matching.In thisrespectthework is casuallyrelatedto ours.

A type-preservingnterpreterfor a languagedike Lam is presentedn (Augustsson
and Carlsson1999), The implemenation, to which our implementabn in DML bears
certainsimilarity, is writtenin Cayennea functionalprogrammng languagehatextends
Haslell with dependentypes(Augustson1998). The implementatioris reportedto be
considerablyfasterthana correspondingnein Haslell.



Dependentlatatypesremostcloselyrelatedto indexedtypesdevelopedin thecontext
of lazy functionalprogrammingZengerl998)(anearlierversioncanbefoundin (Zenger
1997)),andabrief comparisorbetweerindexedtypesandthedependentypesin DML is
givenin (Xi andPfenning1999). Also, the useof dependentypesin arrayboundcheck
eliminationis studiedin (Xi andPfenning1998).

7 Conclusion

The primary motivation for the introducton of dependentiatatypess to allow the pro-
grammerto expressmore programpropertieshroughtypesandthuscapturemore pro-
gramerrorsatcompile-tme.

In DML, nondetermistic patternmatchingis assumedn staticsemanticahile se-
guentialpatternmatchingis adoptedn dynamicsemantics.This gap makesthe typing
rulesfor patternmatchingn DML too conserative asis demonstrateth mary examples.
We have presenteé@ndimplemenédanapproachhatcanbridgethegapby resolvingthe
sequentiali in patternmatching. We have also proven the optimality of this approach
accordingto areasonableriterion.

In (Xi andPfenning1998),it is demonstratethatrun-timearrayboundcheckingin
realisticprogramscanbe effectively eliminatedwith the useof dependentypes. In this
paper the applicationof dependentypesin DML to compiler optimization is further
demonstratedsit is shavn with experimentakesultsthatdependentypescanalsohelp
eliminaterun-timetagchecking.

In general,we are interestedn the useof formal methodsin languagedesignand
implemenéation that canleadto not only morerobust but also more efficient programs.
The useof a restrictedform of dependentypesin DML hasexhibited somepromising
resultsin thisdirection.
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