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Abstract. Themechanismfor declaringdatatypesto modeldata structures in
functional programminglanguagessuch asStandard ML andHaskell canoffer
bothconveniencein programmingandclarity in code. With theintroductionof
dependentdatatypesin DML, the programmercan modeldata structureswith
moreaccuracy, thuscapturingmoreprograminvariants. In thispaper, westudy
somepractical aspectsof dependentdatatypesthat affect both type-checking
and compiling patternmatching. Theresults,which havealreadybeentested,
demonstrate that dependentdatatypecan not only offer variousprogramming
benefitsbutalsoleadtoperformancegains,yieldinga concretecasewheresafer
programsrun faster.

1 Intr oduction

In functionalprogramminglanguagessuchasStandardML (SML) (Milner, Tofte,Harper,
andMacQueen1997)andHaskell (PeytonJonesetal. 1999),theprogrammercandeclare
datatypestomodelthedatastructuresneededin programming andthenusepatternmatch-
ing to decomposethevaluesof thedeclareddatatypes.This is amechanismthatcanoffer
bothconveniencein programmingandclarity in code. For instance,we candeclarethe
following datatypein SML to representrandom-access(RA) lists andthenimplementa
functionthattakes

�������	��

�
timeto accessthe



th elementin agivenRA list (Xi 1999b).

datatype ’a ralist =
Nil | One of ’a

| Even of ’a ralist * ’a ralis t
| Odd of ’a ralist * ’a ralist

Notethatwe intendto useNil for theemptylist, One
�����

for thesingleton list consisting
of

�
, Even

�������������
for the list

����������������� ���"!#���$!
(

&%('

) where
�)�

and
�*�

representlists�+����� ��� ���"!
and

����������� ���,!
, respectively, andOdd

�-�������*���
for

�+���������������.���/!#���$!0���/!	1��
(

2%'

) where
���

and
�*�

representlists
�
����� ��� ���"!3���/!	1��

and
����������� ���,!

, respectively. However,
this datatypedeclarationis unsatisfactory. For instance,it cannotenforcethe invariant
thatthetwo argumentsof Evenneedto representtwo nonemptylistscontainingthesame
numberof elements.

We have extendedML to DependentML (DML) with a restrictedform of dependent
types(Xi andPfenning1999;Xi 1998),introducinga notionof dependentdatatypesthat4

Partially supportedby NSFgrantsno. CCR-0224244andno. CCR-0229480



fun(’a)
uncons (One x) = (x,Nil)

| uncons (Even (l1,l2)) =
(case uncons l1 of (x,Nil) => (x,l2) | (x,l1) => (x,Odd (l2,l1)) )

| uncons (Odd (l1,l2)) =
let val (x,l1) = uncons l1 in (x,Even (l2,l1)) end

withtype {n:pos} ’a ralist(n) -> ’a * ’a ralist(n-1)

Figure 1: The function uncons in DML

allows the programmerto modeldatastructureswith moreaccuracy. In DML, we can
declareadependentdatatypeasfollows.

datatype ’a ralist (nat) =
Nil (0) | One (1) of ’a

| {n:pos } Even (n+n) of ’a ralist( n) * ’a ralist (n)
| {n:pos } Odd (n+n+1) of ’a ralist (n+1) * ’a ralist( n)

In this declaration,the datatype’a ralist is indexed with a naturalnumber, which
standsfor thelengthof aRA list in thiscase.For instance,theabovesyntaxindicatesthat5 One is assignedthe type scheme6+7 � 798 � 7 � ralist

��:.�
, which meansthat One

formsa RA list of length1 whengiven anelement,and5 Evenis assignedthefollowing typescheme:

6+7 �<;=
?>,@"ACBD�E� 7 � ralist
�F

�HGI� 7 � ralist

�F

� 8 � 7 � ralist
�F
KJL
����

which statesthatEvenyieldsa RA list of length

MJN


whengivena pair of RA
listsof length



. Weuse{n:po s} to indicatethat



is universally quantifiedover

positive integers,which is usuallywrittenas
;=
?>	@"ACB

in adependenttypetheory.

Now we can implementin DML a function unconsthat takesa nonemptyRA list and
returnsapairconsistingof theheadandthetail of theRA list. Wepresenttheimplemen-
tationin Figure1. Unfortunately, theimplementation doesnot type-checkin DML for a
simplereason.Noticethatwe needto prove the list

�O�
is a nonemptyRA list in orderto

type-checkthefollowing clausein theimplementation.

���+���)���QP ���+�
Odd

���R�����������
In DML, patternmatchingis performedsequentiallyat run-time. Therefore,we know
that

���
cannotbe Nil whenthe above clauseis chosenat run-time. On the otherhand,

type-checkingin DML, like in ML, assumesnondeterministic patternmatching, ignoring
the fact that the above clauseis chosenonly if the resultof uncons

���O���
doesnot match

the pattern
�F���

Nil
�
. This example clearly illustratesa gapbetweenstaticanddynamic

semanticsof patternmatchingin DML.

Obviously, if all patternsin a sequenceof patternmatchingclausesaremutually dis-
joint, nondeterministic patternmatchingis equivalent to sequentialpatternmatching.A
straightforward approach,which wasadoptedin DML, is to requirethat the program-
merreplacetheaboveclausewith threeclausesasfollows, where

@
rangesover thethree

pattersOne
� �

, Even
� �

andOdd
� �

.

���+���)�
as

@��QP ���+�
Odd

�-�R�D���)�����



While thisisasimpleapproach,it cancauseagreatdealof inconveniencein programming
aswell asperformancelossat run-time.For instance,in animplementation of red/black
trees,one patternneedsto be expandedinto 36 disjoint patternsin order to make the
implementationtype-checkandtheexpansioncausestheCaml-lightcompiler to produce
significantlyinferior code.

In thispaper, wepresentanapproachthatbridgesthegapbetweenstaticanddynamic
semanticsof patternmatchingin DML. Givenpatterns

@H���������.��@$S
and

@
, weintendto find

patterns
@0T � �������.��@$T!

suchthatavaluematches
@

but noneof
@VU

for W=X : � ����� ��Y
if andonly

if it matches
@ T Z

for some
:\[^]N[_


. Note that
@ T U ��� ���.��@ T!

do not have to be mutually
disjoint. We emphasizethat resolvingsequentiality in patternmatchingis only needed
for type-checkingin DML; it is not neededfor compiling programsin DML. Similar
problemshave alreadybeenextensively studied in the context of lazy patternmatching
compilation (Augustsson 1985;PuelandSúarez1993;Laville 1990;Maranget1994).In
this paper, we essentiallyfollow Laville’s approachto resolvingsequentiality in pattern
matching.1 However, thereremainsa significantissuein our casethat hasnever been
studiedbefore.We needanapproachthatcanproducethe least



soasto minimize the

numberof constraintsgeneratedduringtype-checking.Weprovethatwehavefoundsuch
anapproach,which is themaintechnicalcontribution of thepaper.

Thereis yetanotherissue.Whentype-checkingtheimplementationin Figure1 (after
the above expansion), the DML type-checker generatesa warningmessagestatingthat
the patternmatchingis nonexhaustive asit assumesthat unconsmay be appliedto Nil.
Wecaneliminatethisboguswarningmessageby verifying thatNil canneverhavea type��`a�

ralist
��

�

for any positive integer



. This immediatelyimpliesthat thereis no needto
inserta tagcheckfor checkingwhethertheargumentof unconsis Nil at run-timewhen
we compiletheimplementationin Figure1. We will explainhow suchtagcheckscanbe
eliminatedin Section4. Notethatthisisanissuesimilar toarrayboundcheckelimination.
Along this line, we canfind casessuchasan interpreterfor a simply typedfunctional
programminglanguagewhereno run-timetag checksareneededfor decomposing the
valuesof certaindatatypes.

The restof the paperis organizedasfollows. In Section2, we presentsomebasics
on typesandpatternmatchingin DML. We thenstatein Section3 a problemon pattern
matchingin DML andpresenta solution to this problem.We alsoprove thatthesolution
is optimalaccordingto a reasonablecriterion. In Section4, we studypatternmatching
compilation in thepresenceof dependenttypesandpresentanexample.We alsopresent
someexperimental resultsin Section5 andprovide somebrief explanation. Lastly, we
mentionsomerelatedwork andconclude.

2 Preliminaries

We presentin this sectionsomefeaturesin DML thatarenecessaryfor our study. Please
find moredetailsin (Xi andPfenning1999;Xi 1998).

1Laville’sapproachis simplebut canbeexpensive. In theory, theapproachleadsto analgorithm thatis
exponentialon thesizeof input patterns. Also, theapproachcannothandleintegerpatterns becauseof the
existenceof infinitely many integerconstants,but this is notaproblemin oursetting,whichwewill explain
shortly.



index expressions bdc�e f*f�g hjilk�i�b�mneoi�bqpreoi�bqs#eoi�bqtre
index propositions u f�f*g bwvxeyi�baz{eyi|bw}~eoi�b��~eoi�b�g{eoi�b��g{eyiDu����Nu��Qilu�����u	�

index sorts � f*f�g int iC��h=f���iluQ�
i��q��s3�l�
index variable contexts � f*f*g �Dil�$c�hjf���il�,c�u

satisfactionrelation ��i gKu
index constraints � f�f*g uMiluM����i��#hyf����R�

Figure 2: The syntax for type inde x expressions

2.1 Typesin DML

Intuitively speaking,dependenttypesaretypeswhich dependon thevaluesof language
expressions. For instance,we may form a type W 
���� W � for eachinteger W to meanthat
every integerexpressionof this typemusthave value W , that is, W 
���� W � is a singleton type.
Note that W is the expressionon which this type depends.We usethe nametype index
expressionfor suchanexpression.Therearevariouscompellingreasons,suchaspractical
type-checking,for imposing restrictionson expressionsthatcanbechosenastypeindex
expressions. A novelty in DML is to requirethat type index expressions be drawn only
from a given constraintdomain. For instance,the syntaxfor type index expressions in
someinteger domainis given in Figure2, wherewe use � for type index variablesand� for fixed integers. Note that the languagefor type index expressionsis typed. We
usethe namesort for a type in this languageso as to avoid potentialconfusion. We
use � for the empty index variablecontext andomit the standardsorting rules for this
language.We write �,� >$���$ I¡

to denotethesubsetsortfor thoseelementsof sort
�

that
satisfytheproposition

 
. For example,we usenat asanabbreviation for thesubsetsort�,� >
¢�£�¤{� �¦¥ '$¡

. We write § � X©¨ to meanthat theconstrainẗ is satisfiedunderthe
index context § , that is, the formula

� § � ¨ is satisfiablein thedomainof integers,where� § � ¨ is definedbelow.

� � � ¨ªX«¨ � § � � > W 
���� ¨¬X � § � 6�� > W 
��­� ¨� § �� ®� ¨¯X � § ���- 2° ¨ � � § � �,� >,�¯�� ±¡,� ¨ªX � § � � >,�����- «° ¨ �
For instance,the satisfiability relation � >�
 � �­��²x> W 
w�.� � J³: X ²¦�X ²x%^'

holdssince
the following formula is true in the integer domain: 6�� > W 
��­� �´¥ '�° 6 ²¦> W 
��­� � J: X ²µ° ²¶%·'

Note that the decidabilityof the satisfaction relationdependson the
constraintdomain.For theintegerconstraintdomainweusehere,thesatisfactionrelation
is decidableaswedonotacceptnonlinearintegerconstraints.

Thetypesandtypeschemesin DML areformedasfollows. We use 7 for typevari-
ablesand ¸ for typeconstructors.Also, weuse ¹` and ¹ º for (possiblyempty)sequencesof
typesandtypeindexes.

types
` ><> X 7 �q� ¹`�� ¸ � ¹ º �»�V¼K�.`$��G�` �{�­`,� 8 ` �~��; � >,�+�½`N�C¾ � >	�+�½`

typeschemes ¿ >�> X `N� 6+7 � ¿
For instance,list is a typeconstructorand

� W 
���� list
��

�

is thetypefor integerlistsof length

. We use

; � >��+�½`
(
¾ � >��+�½`

) for a universal(an existential) dependenttype. As an
example,the universaldependenttype

; � >H
 � �­�-� int
�
list

� � � 8 �
int

�
list

� � � capturesthe
invariantof a functionwhich, for everynaturalnumber� , returnsanintegerlist of length



§\À�7¶ÁÂ7 §KÀ ¼ Á ¼
§ � X `$� Á ` T� �l��� `l! Á ` T! § � X¯W � �X�W T � �l���­§ � XªW ! �XªW T!
§\À ��`$���������­��` SÃ� ¸ � W ���������­� W !0� Á �F` T� ��� ��� ��` TS � ¸ � W T � ������� � W T ! �

§\À `$� Á ` T� §\À ` � Á ` T�
§KÀ `$�HG�` � Á ` T� G�` T� §ÄÀ ` T� Á `,� §\À `.� Á ` T�

§KÀ `$� 8 ` � Á ` T� 8 ` T�
§ � � >	� À ` Á ` T

§KÀ ; � >,�+�Å` Á ; � >,�+�½`VT § � � >,� À ` Á ` T
§\À ¾ � >,�+�Å` Á ¾ � >	���Å`3T

Figure 3: Type conversion rules

� when given an integer list of length � . Also we usethe existential dependenttype¾ � >,
 � �­�-� int
�
list

� � � for integerlistsof unknown length.

The typing rules for this languageshouldbe familiar from a dependentlytyped Æ -
calculus(suchastheoneunderlyingCoqor NuPrl). Thecritical notionof typeconversion
usesthe judgment §ÂÀ `3� Á `.�

, which is a congruentextension of equalityon index
expressionsto arbitrarytypes.Thetypeconversionrulesarelistedin Figure3. Noticethat
constraintsmay be generatedwhentheserulesareapplied. For instance,the constraint§ � X � � JN
���JÇ: �X YÈJN


is generatedin orderto derive §LÀ �
int

�
list

��� � JN

��JÇ:­� Á�
int

�
list

��Y_J?

�
.

2.2 Pattern Matching in DML

Webriefly presentsomeformalismandaconcreteexamplein thissectionto explainhow
apatternmatchingclauseis type-checkedin DML.

We omit the definition for expressionsÉ in DML, which areessentiallyexpressions
in a Æ -calculusenrichedwith patternmatching.A patternin DML is definedasfollows,
whereweuse

�
for variables,5 for wildcardand � for constructors.2

patterns
@9>�> X ��� 5 � � �F@����qÊ-Ë»�"Ê�@a����@,�lË»�.@/�

as
@$�

We may write � �F@/��������� ��@$!0� for � ��Ê�@/��������� ��@$!0Ë�� and � for � ��Ê�Ë�� . Note that a variableis
allowed to occurat mostoncein a pattern. If

@
containsno variables(but may contain

wildcards),thenwe call
@

a constantpattern.We use
@a�

as
@0�

for a composite pattern,
wherewerequire

@,�
to bemorespecificthan

@w�
asis definedin Definition3.1,andavalueÌ matchesthepattern

@w�
as

@$�
if Ì matchesboth

@��
and

@$�
.

In DML, atyping judgmentisof theform §/Í�ÎMÀ¦É >	`
, whichstatesthattheexpressionÉ canbeassignedthetypè undertheindex variablecontext § andtheexpressionvariable

context Î . Therule (type-match) for typinga patternmatchingclause
@KP É is given as

follows: @�ÏÐ`$��ÑÒ� § T Í�Î T�� § � § T Í�Î � Î T ÀMÉ >,`.�
§/Í�ÎMÀ @ÄP É >,`$�ÓPÔ` �

2We assumethat eachconstructor is unary, that is, it takesexactly oneargument. For a constructor
takingnoargument,wecantreatit asa constructor takingtheunit Õ-Ö asits argument.



�µÏo`ÄÑ2� �<Í �M>,`a� (pat-var) 5 ÏÃ`�ÑÒ� �<Íl� � (pat-wild) Ê-ËQÏx¼®Ñ2� �<Íl� � (pat-unit)

@"�ÓÏÐ`$��ÑÒ� § � Í�Î ��� @$��ÏÐ` �=ÑÒ� § � Í�Î ���Ê�@w����@$�lËQÏÐ`$�HGQ`.�yÑ2� § ��� § � Í�Î ��� Î �l� (pat-prod)

@/�QÏo`ÄÑ2� § ��� Î � � @$�»ÏÐ`�ÑÒ� § �l� Î � �@/�
as

@$��ÏÐ`ÄÑ2� § ��� § � Í�Î ��� Î ��� (pat-as)

×~� � � X ; ¹� > ¹�+�-�F` 8 � ¹7 � ¸ � ¹ º ��� @ÄÏo`QØ ¹7 > X&¹`aÙ0ÑÂ� §wÍ Î �� ��@��QÏ�� ¹`a� ¸ � ¹]#��ÑÂ� ¹� > ¹��� ¹ º �X´¹Ú � §/Í�Î � (pat-cons)

Figure 4: Typing rules for patterns

A judgmentof theform
@ÄÏo`�Ñ�� §/Í�Î � , whichreadschecking

@
against̀ yields §/Í�Î , means

that if
@

is requiredto have type
`

thenwe needto form index andexpressionvariable
contexts § and Î sothat §/Í�ÎMÀ @Ä>$`

is derivable. Therulesfor deriving sucha judgment
are listed in Figure4, where

×~� � � denotesthe type assignedto the constructor� in the
signature

×
. For instance,givena pattern

@ X � A|
�B#��Ê��+����BDË�� anda type
` X � 7 � list

�F

�
,

wecanderive
@�Ïo`ÄÑ §/Í�Î for thefollowing § and Î :

§�X � � >	
 � �­� � J2: X 

��Û,ÜqÝ ÎMX �F�M> 7 ����B»>�� 7 � list
� � �����

whereweassumethat � A|
�B
is assignedthefollowing typescheme:; � >,
 � �­� 7 GI� 7 � list

� � � 8 � 7 � list
� � J2:.���

A patternmatchingclause
@µP É canbeassignedthetype

`3�nP `.�
if É canbeassigned

thetype
`��

undertheassumption that
@

is requiredto have thetype
`q�

.

3 ResolvingSequentiality

In thissection,webridgethegapbetweendynamicandstaticsemanticsof patternmatch-
ing in DML. Given patterns

@a���������.��@0S
and

@
of typè , whatweneedisessentially to form

anindex variablecontext § to recordtheconstraintsthatmustbesatisfiedif a valueis to
match

@
but noneof

@w���������.��@$S
. For integer constantsW ���������.� W S andan integer pattern

variable
�

, we cansimply form the index variablecontext §¦X � � > W 
��.� �?ÞXßW ����� ��� � �¶ÞXW SÃ�
if weknow anintegerof typeint

� � � matches
�

but noneof W ��������� � W S . However, there
seemsno sucha strategy for generalpatterns.Instead,we areto find patterns

@3T � ������� ��@,T!
suchthata valuematches

@0TU
for some

:±[ W [Â

if andonly if it matches

@
but noneof@"���������.��@$S

. This taskitself requiresnouseof dependenttypes.For simplicity, weassume
thatweareworking in asimply typelanguageàMá�â (Xi 1998),which is essentiallymini-
ML (Clément,Despeyroux, Despeyroux, andKahn1986)extendedwith generalpattern
matching.In particular, acase-expressionin àMáwâ is writtenasfollows.

ã$äqå�æ É�âjç"è @/�QP É �n� ���l� �­@3UHP É U=� �l��� ��@3!~P É !
A typingjudgmentin àµáaâ is of theform ÎMÀMÉ >$`

, whichstatesthatexpressionÉ is given
type

`
undercontext Î in whichall freeexpressionvariablesin É aredeclared,andvalues

aredefinedasfollows.

values Ì ><> X ��� � � Ì �Ã�"Ê-Ë»�qÊ Ì ��� Ì �DË»�
lam

�M>,`�� É



É�â�é 8 Ì â Ì â Ïo@0U"Ñ¬ê É U�Øëê�Ù é 8 Ì
ã$ä�å�æ É�âjç"è @"�QP É �»� �l��� �­@3UHP É U=� ���l� �­@3!~P É ! é 8 Ì (case-nd)

É�âné 8 Ì â Ì â ÏÐ@0U/Ñªê Ì â3Þ Ïo@ Z
for

:Ð[¬]~ì W É U�ØÅê�Ù é 8 Ì
ã,ä�å�æ É�âÓç/è @"�ÓP É ��� �l�l� �­@#U�P É U=� ���l� �.@3!{P É ! é 8 Ì (case-seq)

Figure 5: The nondeterministic and sequential evaluation rules for case-
expressions

A valueis closedif it containsno freeexpressionvariables.Given avalueÌ andapattern@
, wewrite Ì Ïo@nÑíê

to meanthatmatchingvalueÌ againstpattern
@

yieldsasubstitutionê
. Therulesfor derivingsucha judgmentaregivenasfollows.

Ì Ï 5 ÑÒØÅÙ Ì Ïo�KÑÂØ �µî8 Ì Ù
Ê�ËQÏ\Ê�ËHÑÒØÅÙ Ì �QÏÐ@/��Ñ¬êD� Ì ��ÏÐ@$�jÑªê��

Ê Ì ��� Ì �lËÓÏ�Ê�@w����@,�DËHÑ´êl��ïMê��
Ì ÏÐ@�Ñ¬ê

� � Ì �QÏ � �F@���Ñªê Ì ÏÃ@"��Ñ¬êD� Ì ÏÐ@,�yÑ¬ê��
Ì ÏÐ@/�

as
@0�=Ñ´êl�HïMê��

We use
ØÅÙ

for theemptysubstitutionand
êqØ �?î8 Ì Ù for thesubstitution thatextends

ê
with

amappingfrom
�

to Ì . Also weuse
ê��$ïIê��

for theunionof two substitutionswith distinct
domains. We write Ì Ï¶@

if Ì matches
@
, i.e., Ì ÏM@ðÑñê

holds for some
ê
, and Ì Þ Ïy@

otherwise.We saytwo patterns
@��

and
@$�

aredisjoint if thereexistsno value Ì suchthat
both Ì Ïo@w�

andÌ ÏÐ@$�
hold.

Definition 3.1 Giventwo patterns
@w�

and
@$�

,
@/�n[Â@,�

holdsif wecanderive
@w��Ï�@$�

by
treating

@w�
asa value. We write

@w�Ðìò@$�
if
@/�Ã[«@$�

but not
@0��[«@/�

. Intuitively,
@w�Ãìß@$�

meansthat
@w�

is morespecificthan
@#�

.

Wewrite Éné 8 Ì to meanthatexpressionÉ evaluatesto Ì , whichcanbedefinedin the
styleof naturalsemantics(Kahn1987).Wepresentbothnondeterministicandsequential
rulesfor evaluatingacase-expressionin Figure5. NotethatDML usestherule(case-seq)
for evaluating acase-expression.

Giventhefollowingcase-expression,

ã$äqå�æ É=ç"è @"�QP É �»� ���l� �.@3U�P É Uj� �l��� ��@3!~P É !
we areinterestedin finding constantpatterns

@ T U�ó � ������� ��@ TU�ó !�ô
for each

@$U
suchthata value

matches
@ T U�ó Z

for some
:õ[9]L[³
aU

if andonly if it matches
@VU

but noneof
@w��������� ��@$U�öq�

.
Notethataconstantpatternis onethatdoesnotcontainpatternvariables(but maycontain
wildcards).Thisallowsusto replace

@VUHP É U with asequenceof patternmatchingclauses
@0U�ó �

as
@0U�P É U=� ���l� �­@3U�ó !�ô as

@0UHP É U-�
while preservingthe dynamicsemanticsof the case-expression.3 Notice that

@#U�ó Z
and@$U�÷øó Z ÷

must be disjoint patternsfor W¬ÞXùW T . Therefore,this replacementclosesthe gap
3We presentnoproof for this fact,which,though straightforward,requiresa formal definition of opera-

tionalequivalence.



in DML betweenthe dynamic semantics,wherepatternmatchingis donesequentially,
andthe staticsemantics,wherepatternmatchingis donenondeterministically. Clearly,
for thesake of efficient type-checking,it is desirableto keep


�U
assmallaspossible for:~[ W [ú


asthis minimizesthenumberof constraintsgeneratedfor type-checkingthe
clauses

@0UHP É U .
3.1 The Approach

Wepresentasimpleexamplebeforeformally describingtheproposedapproachto resolv-
ing sequentialityin patternmatching. Suppose

@ X 5 and
@�� X ��
 W ����
 W ��� . Also suppose
 W � and � A|
�B

aretheonly constructorsassociatedwith thedatatype
� 7 ��� W B�� . Theproblem

is to find patterns
@#T � ��� ��� ��@,T!

suchthat a value Ì matches
@

but not
@a�

if andonly if Ì
matches

@ T Z
for some

:»[û]Ä[ß

. In this case,theminimum valueof



is ü and

@ T � ��@ T�
are�

cons
� 5 ��� 5 � , � 5 � cons

� 5 ��� . Notethat
@3T �

and
@$T�

arenot (requiredto be)disjoint.

Definition 3.2 Givena type
`

anda pattern
@
,
@

is a
`

-patternif
@KýÄ`

is derivablewith
thefollowing rules.

À 5 ýx` À �µý�` À Ê-ËQýL¼
À @/�Óýx`$� À @$��ýõ` �
À ÊF@/����@,�lËÓýõ`$�HG�` � À @/�Qý�` À @,��ýõ`

À @/�
as

@0�»ýx`
×~� � � X ` 8 � ¹7 � ¸ À @�ý�`QØ ¹7 > X&¹`�Ù

À � �F@q�Óý�� ¹`�� ¸
Clearly, if

@�ýõ`
is derivable, thenthereexists Î such that ÎµÀ @�>,`

is derivable.

For therestof this section,we assumethatfor every
`

-pattern
@

thereexists a closed
valueÌ matching

@
if
`

is closed,thatis,
`

containsnofreetypevariables.Thisallowsus
to ruleout somepathological cases.4

Definition 3.3 Given



patterns
@w��������� ��@$!

, where

 ¥ :

, we define
@"��þ �l��� þð@0!

as a
disjunctive patternsuch that a value Ì matchesthis patternif and only if Ì matches

@HU
for some

:±[ W [Ò

. We use

Ø @�Ù�ÿ
for thesetof closedvaluesof type

`
that match

@
, andØ @/�Hþ �l�l� þõ@0!0Ù*ÿ X Ø @/��Ù�ÿoï ���l� ïNØ @0!0Ù�ÿ

.

Formallyspeaking,we intendto find anapproachthat,whengiven a list of
`

-patterns@���@/���������.��@$!
, canyield patterns

@0T � �������.��@,T!
suchthatØ @qÙ*ÿ��IØ @/��þ �l��� þõ@0!#Ù�ÿ X Ø @ T � þ �l��� þ�@ T! ÷ Ù*ÿ��

Weregardasolution to beoptimal if it findstheminimal

�T

. Withoutlossof generality, we
canassumethatall thepatternscontainno variables(but they maycontainwildcards)in
therestof thesection.Notethatthisassumption makesit no longernecessaryto consider
composite patterns.

Definition 3.4 Giventwo patterns
@w�

and
@$�

, a judgmentof theform
@����¬@$�oÑL@

canbe
derivedwith thefollowingrules.

À @�� 5 Ñ¯@ À 5 ��@ñÑ @ À Ê�Ë��9Ê�Ë�ÑñÊ�Ë
À @/�d����@$�­��Ñí@"� À @/�)����@$� �jÑL@$�
À Ê�@w�d����@"�)��Ë��©Ê�@0�­����@$�d�DË�ÑÒÊF@/����@$�lË À @/���ª@$�=Ñí@

À � �F@/����� � ��@$����Ñ � ��@��
4In ML, it is possibleto declarea datatype thatcontainsnovaluesandsucha datatype seemsuselessin

practice.



5 X	�� �F@�� X2� � T � 5 �»� ¸ � � T � XÒ¸ � � � and � T ÞX � ¡»ï � � �F@ T ���­@ T�
 @�¡
Ê�@w����@$�lË X2� ÊF@�� 5 ËÃ�.@ 
 @w��¡Ãï � Ê 5 ��@"Ë»�­@ 
 @0�l¡
@/��þ �l�l� þ�@0! X2� @ T �
� �l��� � @ T ! �.@ T � 
 @"��� �l��� ��@ T ! 
 @0!#¡

Figure 6: The complement of patterns

If
@/���ª@$�qÑ{@

is derivable, weuse
@w� � @,�

for thepattern
@
; otherwise,

@a� � @,�
is undefined.

Theintuition is thata valueÌ matchesboth
@��

and
@$�

if andonly if Ì matches
@a� � @,�

.

Proposition3.5 Givenpatterns
@a�

and
@0�

, wehavethefollowing.

1. If Ì ÏÐ@w�
and Ì Ïo@$�

for somevalueÌ , thenÌ Ïo@�� � @,�
.

2. If
@Ä[ª@/�

and
@�[¬@$�

for somepattern
@
, then

@�[¬@a� � @,�
.

Proof This is straightforward.

Definition 3.6 Let � bea setof closedvaluesof typè . A
`

-pattern
@

is a
� � ��`a� -pattern

if
Ø @�Ù*ÿ�� � . Givena

� � ��`a� -pattern
@
, if

Ø @�ÙRÿ��^Ø @ T Ù*ÿ
implies

Ø @�Ù*ÿ X Ø @ T Ù*ÿ
for every

� � ��`a� -
pattern

@ T
, then

@
is

� � ��`a� -maximal.

Proposition3.7 Wehavethefollowing.

1. Giventwo
`

-patterns
@w�

and
@$�

,
@/�Q[¬@,�

implies
Ø @w��Ù*ÿ�� Ø @,��Ù�ÿ

for everytypè .
2. Let � bea setof closedvaluesof typè and

@
bea

� � ��`a� -pattern.Thenthere is a
maximal

� � ��`a� -pattern
@ T

such that
@Ä[ª@ T

3. Let
@/����������@$!

be
`

-patternsand � X Ø @��Óþ ���l� þM@0!0Ù*ÿ
. If

@
is a

� � ��`�� -maximal
pattern,then

@3UH[¬@
holdsfor some

:o[ W [ª

.

Proof (1) is straightforward. (2) follows thefactthattherecannotexist aninfinite chain
like

@�ì¯@/�Óì @$�»ì2�����
. (3) follows from astructuralinductionon

@
.

Definition 3.8 For every constructor � in àMáwâ , we use ¸ � � � for the typeconstructor ¸
such that � is assigneda typeof the form

` 8 � ¹7 � ¸ . We definethe complement
@

of
pattern

@
in Figure6, which is a setof patterns.Wedefine

@��I�F@+�Hþ �l��� þõ@0!0�
as

� @ � @ T �.@ T 
 @"��þ �l�l� þ�@0!#¡$�

We assumethatfor eacḩ thereareonly finitely many constructors� suchthat ¸ � � � Xñ¸ .
Integerpatternsarehandleddifferentlyasis explainedat thebeginning of thesection.

Proposition3.9 Wehavethefollowing.

1. Let
@"��@/����� ��� ��@$!

be
`

-patternsfor a typè . Theneverypatternin
@�����@a�Dþ �l��� þj@0!#�

is alsoa
`

-pattern.
2. Givena type

`
, every value in

Ø @qÙ*ÿ��KØ @/�yþ �l��� þ¶@0!0Ù*ÿ
matchessomepattern in@��I��@w�Hþ �l��� þõ@0!0�

.
3. Givena value Ì of typè , if Ì matchessomepatternin

@����F@��+þ �l��� þ�@0!#�
then Ì

is in
Ø @qÙRÿ��IØ @/�Hþ �l��� þõ@0!0Ù*ÿ

.

Proof This is straightforward.



Lemma 3.10 (Main Lemma)Let
@/��������� ��@$!

be
`

-patternsand �ÒX Ø @qÙ�ÿ��ÐØ @/�Vþ �l��� þr@0!0Ù*ÿ
.

Thenfor each given
� � ��`a� -pattern

@0T
wecanfinda pattern

@0T T 
 @��I��@/�+þ �l��� þ�@0!0�
such

that
@ T [ª@ T T

holds.

Proof By Proposition 3.5(2), it is enoughto provethisfor
@ X 5 and


 X :
. Weproceed

by astructuralinductionon
@��

.

5 @/� X 5 . Thenit is trivial.5 @/� X � ��@/� ��� . Thiscaseimmediatelyfollows from inductionhypothesison
@
� �

.5 @/� X ÊF@/�d����@"�)�lË
. Then

` X `$�yGÃ` �
for sometypes

`0����`.�
. We canassumethat@ T X Ê�@ T � ��@ T� Ë

where
@0U

aresomè
�U

-patternsfor WjX :.� ü . Let � U X Ø 5 Ù*ÿdô��IØ @/��U-Ù*ÿdô
forWÓX :.� ü . Wehaveseveralcases.

–
@ T �

is a
� � ����`$��� -pattern.By inductionhypothesis,thereexists

@ T T� 
 @"�
such

that
@ T � [ª@ T T�

. Hence,
ÊF@ T � ��@ T� ËÓ[©ÊF@ T T� � 5 Ë 
 @

.
–

@ T�
is a

� � �l��`.�l� -pattern.This is similar to thepreviouscase.
– Neitherof

@ T U
is a

� � U-��` U-� -patternfor W�X : � ü . This implies that we can
find valuesÌ U of type

`�U
suchthat Ì U Þ
 � U hold for W�X :.� ü . Thus,Ì UÓÏ±@ TU

hold for W±X :.� ü , andthis yields Ì X Ê Ì ��� Ì �DËrÏLÊ�@ T � ��@ T� Ë X @ T
. Also note

that Ì U 
 Ø @/�)U-Ù*ÿdô
for WÄX : � ü , which implies Ì X Ê Ì ��� Ì �lË 
 Ø @"��Ù*ÿ

. This
contradicts

@ T
beinga

� � ��`a� -pattern.Therefore,thiscasecanneveroccur.

Theorem 3.11 Let
@
,
@"���������­��@$!

be
`

-patternsand �ÇX Ø @�ÙRÿ��"Ø @/�Hþ �l��� þ�@0!0Ù*ÿ
for a given

type
`

. Let
@ T � ������� ��@ TS

bea list of patternsin
@����F@��+þ ���l� þ�@0!0�

such that (a)
@ T U Þ[2@ TZ

for:ð[ W¶ÞX ]¯[ Y
and (b) for every

@ T 
 @��"�F@"�=þ �l�l� þM@0!0�
we have

@ T [ @ T �
for some:�[���[©Y

. Then � X Ø @ T � þ �l�l� þ�@ TS Ù*ÿ
. If � X Ø @ T T� þ �l��� þ�@ T TS ÷ Ù�ÿ

for somepatterns@ T T� � �l��� ��@ T TS+÷ , then
Y [¬Y T

.

Proof By Lemma3.10,it is clearthatevery
@ T U

is
� � ��`a� -maximalfor WÓX :.������� ��Y

.

AssumeÌ 
 � . By Proposition3.9 (2), Ì matchessome
@ T

in
@����F@w�=þ �l�l� þµ@0!#�

,
that is, Ì 
 Ø @ T Ù*ÿ

. Since
@ T [³@ T �

for some
�
, we have Ì 
 Ø @ T � Ù*ÿ

by Proposition3.7 (1).
Hence,� �_Ø @,T � Ù*ÿÐïµ�����,ï�Ø @	TS Ù�ÿ X Ø @$T � þ �l��� þ�@$TS Ù�ÿ

. Obviously,
Ø @#T � þ ���l� þ�@$TS Ù�ÿ�� � by

Proposition3.9(3). Therefore,�ÂX Ø @0T � þ �l��� þõ@$TS Ù
.

Assume�ÒX Ø @#T T� þ �l��� þ=@$T TS+÷ Ù
. For every

:o[ W [´YÄT
,
@$T TU [ª@,T � ô

holdsfor some
:o[���UH[Y T

by thedefinitionof
@ T � ��� ��� ��@ TS

andLemma3.10. Therefore,�_X Ø @ T �! þ ���l� þK@ T �#" ÷ Ù .
Assume

Y T ìûY
. Thenthereexists

:®[2]�[ÒY
suchthat

] ÞX �CU
for every

:±[ W [2Y T
.

Since
@$TZ

is
� � ��`a� -maximal,we have

@0T � ô [ @,TZ
for some

:x[ W [úYKT
by Proposition3.7

(3). Thiscontradictsto thedefinitionof
@ T � ������� ��@ TS

. Thus,
Y [ªY T

.

Therefore,givenpatterns
@
,
@w��������� ��@$!

, Theorem3.11gives usa methodto computepat-
terns

@$T � ������� ��@,T! ÷
suchthat a value Ì matchessome

@#TU
for

:µ[ W [ 

if andonly if Ì

matches
@

but noneof
@������ ��� ��@$!

andthismethodalwaysyieldstheminimal

�T

.

Notethatthepresentedapproachdoesnotapplyto integerpatternssincetherearein-
finitely many integerconstants.However, thereis alsononeedfor applyingtheapproach
to integerpatternssincewe canusethesimplestrategy at thebeginningof thissectionto
dealwith integerpatterns.



fun restore (R(R t, y, c), z, d) = R(B t, y, B(c, z, d))
| restore (R(a, x, R(b, y, c)), z, d) = R(B(a, x, b), y, B(c, z, d))
| restore (a, x, R(R(b, y, c), z, d)) = R(B(a, x, b), y, B(c, z, d))
| restore (a, x, R(b, y, R t)) = R(B(a, x, b), y, B t)
| restore t == B t (* == : indicat ion for resolvin g sequentia lity *)

Figure 7: An example in DML

3.2 SomeApplications

The codein Figure 7 is extractedfrom a red-blacktree implementationin DML. The
functionrestore essentiallyrestoresthroughtreerotationssomeinvariantsof a red-black
treethataredestroyedafteranelementis inserted.

We find it usefulto allow theprogrammerto decidewhethersequentiality in pattern
matchingneedsto be resolved. If theprogrammerknows patternmatchingin someim-
plementationcan be donenondeterministically (andmay want to test it), then thereis
simply no needfor resolvingsequentiality. For instance,it is clearly sucha casewhere
no dependentdatatypeare involved in patternmatching. This is also in line with the
designmethodology behindDML: theprogrammershould not pay for what is not used.
Nonetheless,weemphasizethattheprogrammercanalwayschooseto resolvesequential-
ity whenit is unclearwhetherthis is needed.In Figure7, theprogrammerusesthesyntax
to indicatethatonly the last clauseneedsto beexpandedinto a sequenceof clausesfor
resolvingsequentiality in patternmatchingwhile thereis no needto do so for the first
four clauses.In thiscase,thelastclauseexpandsinto $�% clausesof theform

restore
�F�

as
�F@w��� ��@,����� X	& �F�����

where
@"�

and
@$�

rangeoverthefollowing % patterns:' , & � �
, ( � ' � � ' �

, ( � ' � � & � ���
,( � & � ��� � ' �

, and ( � & � ��� � & � ���
. If the programmeris requiredto resolve sequen-

tiality in patternmatchingmanually, it isnotonlyerror-pronebutcanalsomakeaprogram
lessreadableandprobablycauseacompilerto produceinferior code.

Theapproachto resolvingsequentiality in patternmatchingis alsousefulfor detecting
the exhaustivenessof a sequenceof patternswith respectto a given type. For instance,
thefollowing codeimplementsa functionthatzipstogethertwo listsof thesamelength.

fun(’a, ’b)
zip (nil, nil) = nil

| zip (cons(x, xs), cons(y, ys)) = (x, y) :: zip (xs, ys)
withtype

{n:nat } ’a list(n) * ’b list(n) -> (’a * ’b) list( n)

With the presentedapproach,we can find the patterns
�
cons

� ���
nil

�
and

�
nil

�
cons

� ���
suchthat any pair of lists matchesoneof themif andonly if the pair matchesneither�
nil

�
nil

�
nor

�
cons

�F���
xs
�
, cons

�����
ys
���

. However, neither
�
cons

� ���
nil

�
nor

�
nil

�
cons

� ���
canhave a typeof theform

��`$���
list

��

��G��F`��l�
list

�F

�
for any naturalnumber



. Therefore,

we can simply concludethat the patternmatchingclausesin the definition of zip are
exhaustive. Pleasesee(Xi 1999a)for moredetails.As it is frequentto encounterpattern
matchingfailure in practice,it is oftena standardfeaturein many compilersto perform
patternmatchingexhaustivenessdetection.Therefore,we expectthat this featurein the
presenceof dependentdatatypescanbe of greatervaluefor catchingprogramerrorsat
compile-timesincedatastructurescannow bemodeledwith moreaccuracy.



4 TagCheckElimination

Patternmatchingcompilation is essentiallya processto transformpatternmatchinginto
asequenceof elementaryif-then-elsecheckson tags.

4.1 The Approach

We presentsomebasicson tagcheckelimination in thepresenceof dependenttypes.An
expressionin àMá/â is internallyrepresentedasasyntaxtreeandapositionin asyntaxtree
is of theform ) � W ��������� � W ! , where ) standsfor theroot position andeachW Z indicatesthat
we take the W Z th branchof thecurrentnode(branchnumberingstartsfrom

'
). Givenan

expressionÉ , thesubexpressionof É at position
@"ACB

is theexpressionrepresentedby the
subtreeof thesyntaxtreeof É atposition

@�A�B
.

For instance,we cangeneratethetagtesttreein Figure8 (with bothnode5 andnode
6 uncrossedat first) for compiling thefunctionzip. Given a value Ì , we canusethetree
to performpatternmatchingasfollows. At theroot,weassumethatthevaluematchesthe
pattern

� 5 � 5 � , thatis, thevalueis apair. Wethencheckthetagof thesubexpressionof Ì at
position ) �<' , thatis, theleft componentof thepair, reachingeithernodeü or $ depending
onwhetherthetagstandsfor


 W � or � A|
�B . Therestof thenodescanbeexplainedsimilarly.
In general,every nodein a testtreecontainsa patternwhich thevaluemustmatchwhen
tagcheckingreachesthatnode,andeveryinnernodealsocontainsaposition thatindicates
thesubexpression onwhich thesubsequenttagcheckshouldbeperformed.

pat= *,+�c-+/.
pos= 0�� 12

pat= *43$b65<c-+7.
pos= 0|� 28 pat= *�k:9;3�<#*=+�c>+/.�c>+/.

pos= 0�� 2?

pat= *@3$b:5<cA3$b65B.C pat= *@3$b:5<c�k:9D3�<#*=+�c>+/.E.F pat= *�kG9;3�<H*=+�c>+/.�cA3$b:5B.I pat= *�k:9;3�<#*=+|c-+/.�c�k:9;3�<#*,+�c-+/.=.J
Figure 8: A test tree for pattern matc hing compilation

We now usedependenttypesto prunethetesttreein Figure8. Notethat thetesttree
is generatedfor valuesof type

` X ��� 7 � list
��

���$� 7 � list

�F

���
, where



is an index variable

of sort

 � � . Therefore,a leaf nodeis reachableonly if the patternattachedto it canbe

assignedthetype
`

. For
@ X �F
 W ��� � A|
�B#� 5 � 5 ��� , wecanderive

@�ý�`xÑ«� §/Íl� � with therules
in Figure4, where § is � >w
 � �­� � JÇ: X 
�� ' X 


. Clearly, § is a contradictorycontext
sincenonumber



canbeboth

'
and � JÂ:

for somenaturalnumber� . This impliesthat
no pair of lists of equallengthcanmatch

@
as is proven in (Xi 1999a). We thuscross

out leaf node K sinceit is unreachable.Similarly, we cancrossout leaf node % . Since
thereis only onenodecomingout of thenode ü , thereis no tagchecknecessaryfor that
node. Thus,we replacenode ü with node L . Similarly, we replacenode $ with node M .
Thefinal testtreeis givenin Figure9, which meansthatwe needonly onetagcheckon
the left componentof a pair of lists to determinewhetherthe pair matches

�F
 W ����
 W ��� or� � A|
�B#� 5 � 5 ��� � A|
�B#� 5 � 5 ��� .



pat= *,+�c-+/.
pos= 0�� 12

pat= *43$b65<c,3,b:5B.C pat= *�k:9;3�<#*,+�c-+7.�c�k:9;3�<#*,+�c-+7.E.J
Figure 9: The final test tree

fun evaluate e = eval(e, [])

and eval (Zero(e) , env) = let
val ValInt i = eval (e, env)

in ValBool (i = 0) end
... ...

Figure 10: Code fragment for an interpreter

The generalstrategy for tag checkelimination can be describedas follows. Let É
be a case-expressionã$ä�å�æ É�âjç"è @"��P É �¦� �l��� ��@3! P É ! in a well-typedprogram

 
in DML. In the typing derivation that establishesthe well-typednessof

 
, we canfind

typing derivationsof §wÍ�Î¯À¯É.â >�` â and §/Í�ÎªÀ @0U�Ñ É Uy>�` â�8 `
(
:~[ W [Ç


) for some
index variablecontext § , expressionvariablecontext Î andtypes̀ â and̀ . Givenpatterns@"���������.��@$!

, weconstructatesttreefor patterns
@������ ��� ��@$!

asis describedabove.5 For each
leaf node,we checkthe attachedpattern

@
against̀ â , deriving a judgmentof the form@�ýL` â Ñ � §#â � Î"â � . If the context § � §Vâ is contradictory, we crossout the leaf node. We

thencrossout an innernodeif all branchescomingout of it arecrossedout. Finally, if
thereis only onebranchcomingoutof aninnernode,we replacetheinnernodewith the
branch.Theresultingtesttreeis thento beusedfor compiling thecase-expression.

4.2 An Example

In theimplementationof aninterpreterfor aprogramming language,it is oftennecessary
to usetagsto distinguishvalues,namely, evaluation results,of differenttypes.

Let us declaretwo datatypesexp andvalue representingexpressions(in the object
language)that are to be evaluatedand resultsthat are to be returnedfrom evaluation,
respectively. For instance,we useZero

� É � for thezeroteston expressionÉ andValInt
� W �

for anintegerresult.

datatype exp = ... | Zero of exp | ...
datatype value =

... | ValBool of bool | ValInt of int | ...

In Figure10,thecodefragmentillustratesthattheevaluationfunctionevaluatecallsfunc-
tion eval, which takesanexpressionandanenvironment(representedasa list of values)
bindingthefreevariablesin theexpressionto values,andreturnsa value.Thecodealso
showstheevaluation of anexpressionof theform Zero

� É � , thatis, thezeroteston É ; when
eval

� É � env
�

returns,weneedto checkthetagof thereturnedvalueto determinewhetherit
5There arevarious methods for doing this suchasthe onesin (MacQueenandBaudinet1985; Leroy

1990) or Wadler’s Chapterin (PeytonJones1987)



last nth zip evaluate
sml/nj 4.00/3.36(16%) 2.03/1.34(34%) 0.70/0.49(30%) 3.02/2.91(4%)
ocaml 12.11/11.45(5%) 18.0/14.9(21%) 2.11/2.05(3%) 9.84/9.63(2%)
ocamlopt 2.35/2.34(

ìÇ:
%) 1.15/1.14(

ì³:
%) 1.40/1.40(0%) 1.35/1.20(11%)

Figure 11: Some experiment results on tag check elimination

representsValInt; if it is, weextractout theintegerresultW andreturneitherValBool
�
true

�
or ValBool

�
false

�
dependingon whetherW is

'
. Thereareusuallya vastnumberof such

tagchecksduringevaluation.

Now supposethat the interpreteris written for sometyped programming languageN ä�O andcanonly be appliedto an expressionthat representsa well-typedprograminN ä�O . This meansthat É shouldalwaysstandfor an integer expressionin
N ä�O when

Zero
� É � is formedandeval

� É � env
�

shouldreturna valuerepresentinganinteger, namely,
a valuethat matchesthepatternValInt

� W � . Thus,we shouldbeableto eliminatethe tag
checkwhencompiling thefollowing line in thedefinitionof eval.

val ValInt i = eval (e, env)

We canindeedusethe type systemof DML to capturethe above reasoning.The basic
ideais to refinethedatatypeexp into exp

���.� � � suchthateachexpressionof typeexp
���.� � �

standsfor a termin
N ä�O thatis of type

�
undercontext � , wherea context is represented

asa list of typesin
N ä�O . Similarly, we refinevalue into value

�F���
. We canthenassign

evaluatethefollowing type,

{t:typ} exp(t, Empty) -> value(t)

which statesthat evaluatereturnsa result representinga valueof type
�

in
N ä�O when

givenanexpressionrepresentinga closedtermof type
�

in
N ä�O (notethatEmptystands

for anemptycontext). We remarkthat typ is a sort (not a type) in DML for type index
expressionrepresentingtypesin

N ä�O .

5 Experimentation

Theapproachto resolvingsequentiality in patternmatchingin Section3 hasalreadybeen
implementedin DML andit is frequentlyusedin practice.

The methodin Section4 for eliminating tag checksduring patterncompilation has
yet to be implemented. Currently, the dependenttypesin a DML programare erased
aftertype-checkingandthiserasuremakestheDML programa well-typedML program,
which canthenbe compiled usingan existing ML compiler. Unfortunately, dependent
typesareneededto bepresentfor tagcheckelimination. Thus,it is currentlydifficult to
adoptthemethodinto anexistingML compiler, thoughtheimplementationof themethod
itself seemsstraightforward.

Therearenonethelesssomeunsafefeaturesin SML/NJ (Unsafe.cast)andObjective
Caml(Obj.magic)allowing usto experimentwith tagcheckeliminationandmeasurethe
potentialperformancegains.

All of our experimentsareperformedon a machinewith a Pentium550 MHz CPU
runningLinux Redhat(version5.2).Thethreesetsof datain Figure11arecollectedusing
the SML/NJ compiler (version110.0.3),the OCAML bytecodecompiler(version2.02)



andtheOCAML nativecodecompiler(version2.02).We givesomebrief descriptionon
thetestedprograms.

last We locatethe lastelementof an integer list of length
:.',� ','	'

repeatedlyfor
:­'$� '	','

times.
nth Wefind the



th elementin anintegerlist of length

:­'$�.',','
for


 X '$�$:.�������­�QPRP�PRP
.

zip Wezip togethertwo integerlistsof length
:.'$�.',','

repeatedlyfor
:.'	'

times.
evaluate Weuseaninterpreterfor Lamto evaluatethe $ ' th Fibonaccinumber.
rbtr ee We form a red-blacktree containing

:­',',� ','	'
distinct naturalnumberschosen

randomly. Theimplementationof red-blacktreesis largelyadoptedfrom(Okasaki
1998).

We usetheformat
� �TS­� �Ä��
�Uõ�

in Figure11 to indicatethat it takes
�l�

(
� �

) secondsto run
theexperimentwithout (with) tagcheckeliminationand

���
is


�U
lessthan

���
. Garbage

collectiontime is excludedwhenSML/NJ is usedandincludedotherwise.

Tagcheckeliminationleadsto virtually no gainin thecaseof last, nth andzip when
the OCAML native compileris used. This is not surprising sincewhat is eliminatedis
simply a conditionaltestandno memoryinstruction is involved. On theotherhand,the
significantgainsin thesecaseswhentheSML/NJ compileris usedseemto indicatethat
tagcheckelimination mayhaveinteractedwith othercompileroptimizationssuchasloop
unrolling.

Thoughthe gainsaremarginal at bestin someof the presentedcases,we feel that
tagcheckeliminationis justifiedas(a) themainmachineryfor tagcheckelimination is
alreadysetupduringtype-checking,(b) tagcheckeliminationalwaysremovesdeadcode
andthusleadsto moreefficient codethatis of smallersize,and(c) tagcheckelimination
becomesnecessaryif we intend to build a certifying compiler that can certify that no
matchfailurecanresultfrom thecodegeneratedfrom asetof exhaustivepatternmatching
clauses.Notethat (b) is a strongpoint asit clearlyseparatestagcheckelimination from
variousheuristiccompileroptimizationsthat make someprogramsrun fasterbut slow
othersdown.

6 RelatedWork

A studyonpatternmatchingcompilationin ML canbefoundin (MacQueenandBaudinet
1985),whereheuristicsarepresentedfor arrangingtagcheckssoasto minimizethesize
of generatedtesttrees.Also patternmatchingcompilationfor lazy evaluation is studied
in (Augustsson1985;Laville 1988;PuelandSúarez1993). Clearly, we canalwaysuse
the methods presentedin thesestudiesto generatea testtreeandthenfurther prunethe
testtreewith themethodgivenin Section4.

Patternmatchingwith dependenttypesin Martin-Löf’s type theory(Nordstr̈om, Pe-
tersson,andSmith 1990) is studiedin (Coquand1992). There,somesufficient condi-
tionsarepresentedto ensurethecorrectnessof a functiondefinitiongiventhroughpattern
matching.In this respect,thework is casuallyrelatedto ours.

A type-preservinginterpreterfor a languagelike
N ä�O is presentedin (Augustsson

andCarlsson1999),The implementation, to which our implementation in DML bears
certainsimilarity, is written in Cayenne,a functionalprogramming languagethatextends
Haskell with dependenttypes(Augustsson1998). The implementationis reportedto be
considerablyfasterthanacorrespondingonein Haskell.



Dependentdatatypesaremostcloselyrelatedto indexedtypesdevelopedin thecontext
of lazyfunctionalprogramming(Zenger1998)(anearlierversioncanbefoundin (Zenger
1997)),andabrief comparisonbetweenindexedtypesandthedependenttypesin DML is
givenin (Xi andPfenning1999).Also, theuseof dependenttypesin arrayboundcheck
elimination is studiedin (Xi andPfenning1998).

7 Conclusion

The primarymotivation for the introduction of dependentdatatypesis to allow thepro-
grammerto expressmoreprogrampropertiesthroughtypesandthuscapturemorepro-
gramerrorsat compile-time.

In DML, nondeterministic patternmatchingis assumedin staticsemanticswhile se-
quentialpatternmatchingis adoptedin dynamicsemantics.This gapmakesthe typing
rulesfor patternmatchingin DML tooconservativeasis demonstratedin many examples.
Wehavepresentedandimplementedanapproachthatcanbridgethegapby resolvingthe
sequentiality in patternmatching. We have alsoproven the optimality of this approach
accordingto a reasonablecriterion.

In (Xi andPfenning1998),it is demonstratedthat run-timearrayboundcheckingin
realisticprogramscanbeeffectively eliminatedwith theuseof dependenttypes. In this
paper, the applicationof dependenttypesin DML to compiler optimization is further
demonstratedasit is shown with experimentalresultsthatdependenttypescanalsohelp
eliminaterun-timetagchecking.

In general,we are interestedin the useof formal methodsin languagedesignand
implementation that canleadto not only morerobust but alsomoreefficient programs.
The useof a restrictedform of dependenttypesin DML hasexhibited somepromising
resultsin thisdirection.
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