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Abstract

The use of types in capturing program invariants is over-
whelming in practical programming. The type systems in
languages such as ML and Java scale convincingly to real-
istic programs but they are of relatively limited expressive
power. In this paper, we show that the use of a restricted
form of dependent types can enable us to capture many more
program invariants such as memory safety while retain-
ing practical type-checking. The programmer can encode
program invariants with type annotations and then verify
these invariants through static type-checking. Also the type
annotations can serve as informative program documenta-
tion, which are mechanically verified and can thus be fully
trusted. We argue with realistic examples that this restricted
form of dependent types can significantly facilitate program
verification as well as program documentation.

1 Introduction

The verification of program correctness with respect to
specification is a highly significant problem that is ever-
present in programming. A great number of approaches
have been developed to address the problem, but they are
often too expensive to be put into software practice [10, 6].
On the other hand, the verification of thetype correctness
of programs, that is, type-checking, in languages such as
ML [18] and Java [1] scales convincingly in practice. How-
ever, we must note that the types in programming languages
such as ML and Java are of relatively limited expressive
power. Therefore, we are naturally led to form type systems
in which more sophisticated properties can be captured and
then verified through type-checking.

A heavy-weighted approach is to adopt a type system
in which highly sophisticated properties on programs can
be expressed. For instance, the type system of NuPrl [3]
based on Martin-L̈of’s constructive type theory [16] is such

a case. In such a type system, even the (total) correctness
of a program can be expressed in types and thus verified
through type-checking. For instance, the reader can find a
solid application in [15]. However, there is a steep price to
pay for such an expressive type system. Type-checking in
this setting usually involves a great deal of theorem prov-
ing and readily becomes intractable to automate1. Also a
programming language with such a type system is often
kept pure because it is at least unwieldy, if not impossi-
ble, to combine many realistic programming features with
type systems similar to that of NuPrl. This is shown in the
works such as allowing unlimited recursion [4], introducing
recursive types [17], and incorporating effects [11], excep-
tions [19] and input/output. This is essentially an approach
which strongly favors expressiveness over scalability.

We adopt a light-weighted approach, introducing a no-
tion of restricted form of dependent types, where we clearly
separate type index expressions from run-time expressions.
In functional programming, we have enriched the type sys-
tem of ML with such a form of dependent types, leading to
a functional programming language DML (Dependent ML)
[29, 23]. In imperative programming, we have designed a
programming languageXanaduwith C-like syntax to sup-
port such a form of dependent types [24].

We give some concrete examples before going into fur-
ther details. As a dialect of DML, de Caml (dependent
Caml) is currently implemented on top of Caml-light, a
version of an ML-dialect Caml [22]. In de Caml, the
type system supports dependent types for capturing many
properties that are beyond the reach of the type system of
ML. For instance, the program in Figure 1 implements a
copy function on integer arrays in de Caml. The func-
tion vect_length computes the length of a vector, and
v.(ind) <- u.(ind) means that we update theith

cell in vectorv with the value stored in theith cell in vector

1We point out that NuPrl is primarily a logic rather than a programming
language and it is therefore natural to perform interactive theorem proving
during type-checking.



let intcopy (u, v) =
for ind = 0 to vect_length(u) - 1 do

v.(ind) <- u.(ind)
done

withtype
{m:nat,n:nat | m <= n}

int vect(m) * int vect(n) -> unit

Figure 1. A copy function in de Caml

u, wherei is the value ofind . The novelty in the code is
thewithtype clause, which is a type annotation supplied
by the programmer. The meaning of this type annotation
is straightforward: for all natural numbersm andn satis-
fying m ≤ n, the functionintcopy accepts a pair of in-
teger vectors of sizesm andn, respectively, and it returns
no value. Note that the syntaxint vect(m) stands for a
dependent type for all integer vectors of lengthm.

In Xanadu, theintcopy function can be implemented
as follows, where we use the functionarraysize for
computing the length of an array.

{m:nat, n:nat | m <= n}
unit intcopy(int u[m], int v[n]) {

var: int ind ;;

invariant: [i:nat] (ind: int(i))
for (ind=0; ind < arraysize(u); ind=ind+1) {

v[ind] = u[ind];
}

}

We use the keywordvar to start a variable declaration,
which ends with double semicolon;; . The keywordin-
variant indicates that a program invariant follows. In this
case, the invariant, which can help prove that all array sub-
scripting operations inintcopy are safe (i.e., cannot be
out-of-bounds), states thatind stores an integer of valuei
for some natural numberi. Clearly, this simple invariant can
be readily synthesized from the loop following it. However,
we will soon show with realistic examples that automatic
invariant synthesis in practice seems largely intractable.

It can be burdensome for the programmer to write anno-
tations. Therefore, we do not force the programmer to do
so. For instance, the above code can still compile without
the invariant annotation, but run-time array bound check-
ing is then needed to ensure memory safety. As it is a good
practice to write comments in code, we feel that it is also the
case to use dependent types in code and write type annota-
tions. It is well understood in software engineering that the
properties captured by types can be of great use for program
documentation. Since the type annotations in programs are
mechanically verified through type-checking, they can be
fully trusted. On the other hand, if we simply require that
the programmer write comments in programs, it seems less
likely to guarantee the correctness of the comments. It is

fairly common in practice to encounter the “code-changes-
but-the-comments-stay-the-same” symptom.

The main contribution of the paper is the identification of
a restricted form of dependent types in program verification
and the presentation of some supporting examples. While
it seems prohibitively expensive to prove the correctness of
realistic programs, we present examples to show that there
are many interesting program properties such as memory
safety which can be practically verified. The use of depen-
dent types in program verification is not new, but the use
of a restricted form of dependent types in realistic program-
ming is new. Up to now, it is at least rare to see the use of
dependent types in practical programming and it is highly
unclear as to what dependent types can actually do in prac-
tice. Therefore, we feel that the presentation of some con-
crete examples involving the use of dependent types is an
indispensable step towards making dependent types avail-
able in practical programming as the theoretical work on
dependent types alone simply seems not enough. In gen-
eral, we claim that we have made some significant progress
in advocating the use of light-weighted formal methods in
software development.

In this paper, we are intentionally to avoid presenting
the (intimidating) theoretical details on the dependent type
systems of DML and Xanadu as much as possible, striv-
ing for giving a clean and intuitive introduction to the use
of dependent types in practical programming. In particular,
we present program examples in functional programming as
well as in imperative programming. This not only makes it
easier to reach a broader audience, but also yields some ev-
idence to further support the usefulness of a restricted form
dependent types. For the reader who prefers to learn more
about the theoretical details, please refer to [29, 23, 24].

We organize the paper as follows. In Section 2, we
present a brief overview on the form of dependent types we
use to capture program invariants. In Section 3, we illus-
trate with short program examples some unique and signif-
icant programming features in de Caml and Xanadu. We
then present some realistic examples in Section 4, illustrat-
ing the kind of properties that can be captured in the type
systems of de Caml and Xanadu. Finally, we mention some
related work and conclude.

2 Dependent Types

In this section, we present a brief explanation on the de-
pendent types in DML. The dependent types in Xanadu are
formed similarly except that function types are restricted
since Xanadu does not support curried functions. The
reader is encouraged to skip this section and read it later,
though it could be helpful to gather some intuition before
studying the concrete examples in Section 3.

Generally speaking, dependent types are types that de-
pend on the values of language expressions. For instance,
we may form a typeint(i) for each integeri to mean that



index expressions i, j ::= a | c | i+ j | i− j | i ∗ j | i÷ j
index propositions P ::= i < j | i ≤ j | i ≥ j | i > j | i = j | i 6= j | P1 ∧ P2 | P1 ∨ P2

index sorts γ ::= int | {a : γ | P} | γ1 ∗ γ2

index contexts φ ::= · | φ, a : γ | φ, P

Figure 2. The syntax for type index expressions

every integer expression of this type must have valuei, that
is, int(i) is a singleton type. Note thati is the expression
on which this type depends. We use the nametype index
expressionfor such an expression. There are various com-
pelling reasons, such as practical type-checking, for impos-
ing restrictions on expressions that can be chosen as type
index expressions. A novelty in DML is to require that type
index expressions be drawn only from a given constraint do-
main. For the purpose of this paper, we restrict type index
expressions to represent integers. We present the syntax for
type index expressions in Figure 2, where we usea for type
index variables andc for fixed integers. Note that the lan-
guage for type index expressions is typed, and we usesorts
for the types in this language in order to avoid potential con-
fusion. We use· for the empty index variable context and
omit the standard sorting rules for this language. We also
use certain transparent abbreviations, such as0 ≤ i < j
which stands for0 ≤ i ∧ i < j. The subset sort{a : γ | P}
stands for the sort for those elements of sortγ which satisfy
the propositionP . For example, we usenat as an abbrevia-
tion for the subset sort{a : int | a ≥ 0}.

Types in DML are formed as follows. We useα for type
variables,δ for type constructors and1 for the unit type.

types τ ::= α | (τ1, . . . , τn)δ(i) |
1 | τ1 ∗ τ2 | τ1 → τ2 |
Πa : γ.τ | Σa : γ.τ

For instance,list is a type constructor and(int)list(n)
stands for the type for integer lists of lengthn. The type
expressionsΠa : γ.τ andΣa : γ.τ form a universal de-
pendent type and an existential dependent type, respec-
tively. For instance, the universal dependent typeΠa :
nat.(int)list(a) → (int)list(a) captures the invari-
ant of a function which, for every natural numbera, re-
turns an integer list of lengtha when given an integer list
of length a. We can use the existential dependent type
Σa : nat.(int)list(a) to mean an integer list of some un-
known length. We show how a type constructor is declared
in Section 3.

The typing rules for this language should be familiar
from a dependently typedλ-calculus (such as the ones un-
derlying the logic framework LF [9] or the theorem prover
NuPrl [3]). The critical notion oftype conversionuses the
judgmentφ ` τ1 ≡ τ2, which is the congruent extension of

equality on index expressions to arbitrary types:

φ ` α .= α φ ` 1 .= 1

φ ` τ1 ≡ τ ′1 · · · φ ` τn ≡ τ ′n φ |= i
.= i′

φ ` (τ1, . . . , τn)δ(i) ≡ (τ ′1, . . . , τ
′
n)δ(i′)

φ ` τ1 ≡ τ ′1 φ ` τ2 ≡ τ ′2
φ ` τ1 ∗ τ2 ≡ τ ′1 ∗ τ ′2

φ ` τ ′1 ≡ τ1 φ ` τ2 ≡ τ ′2
φ ` τ1 → τ2 ≡ τ ′1 → τ ′2

φ, a : γ ` τ ≡ τ ′

φ ` Πa : γ.τ ≡ Πa : γ.τ ′
φ, a : γ ` τ ≡ τ ′

φ ` Σa : γ.τ ≡ Σa : γ.τ ′

For the last two rules, we require thata have no free oc-
currences inφ. Notice that it is the application of these
rules which generates constraints. For instance, the con-
straintφ |= (a + n) + 1 .= m + n is generated in order to
deriveφ ` (int)list((a+n) + 1) ≡ (int)list(m+n).

We can form the erasure‖τ‖ of a dependent typeτ by re-
moving fromτ all syntax related to type index expressions.
This can be formally defined as follows.

‖α‖ = α ‖1‖ = 1

‖(τ1, . . . , τn)δ(i)‖ = (‖τ1‖, . . . , ‖τn‖)δ

‖τ1 ∗ τ2‖ = ‖τ1‖ ∗ ‖τ2‖ ‖τ1 → τ2‖ = ‖τ1‖ → ‖τ2‖

‖Πa : γ.τ‖ = ‖τ‖ ‖Σa : γ.τ‖ = ‖τ‖

We can then relate a type erasure to a dependent type
by interpreting(τ1, . . . , τn)δ as Σa : γ.(τ1, . . . , τn)δ(a),
whereγ is a sort associated withδ when δ is declared.
For instance,int is interpreted asΣa : int.int(a), Also,
(α)list, the polymorphic type for lists, is interpreted as
Σa : nat.(α)list(a) in the following presentation, mean-
ing a list with unknown length.

It is difficult to present more details given the space lim-
itation. For those who are interested, we point out that the
detailed formal development of DML can be found in [23].
Also more details on Xanadu can be found in [24].

3 Unique Programming Features

In this section, we use examples to present some unique and
significant features in de Caml and Xanadu. These features
will be needed in Section 4 for studying more sophisticated
examples.



The programmer often declares datatypes when pro-
gramming in ML. For instance, the following datatype
declaration in Caml-light defines a polymorphic datatype
’a list for modeling lists.

type ’a list = nil | cons of ’a * ’a list

However, the declared type’a list is imprecise. For
instance, we cannot use the type to distinguish an empty list
from a non-empty one. In de Caml, this type can be refined
as follows.

refine ’a list with nat =
nil(0) | {n:nat} cons(n+1) ’a * ’a list(n)

The syntaxrefine ’a list with nat means that
we refine the type’a list with an index of sortnat ,
that is, the index represents a natural number. In this case,
the index stands for the length of a list.

• The syntaxnil(0) means that the constructornil
is assigned type’a list(0) , that is, it is a list of
length0.

• The following syntax

{n:nat} cons(n+1) of ’a * ’a list(n)

indicates thatcons is assigned the following type:

{n:nat}
’a * ’a list(n) -> ’a list(n+1)

that is, for every natural numbern, cons yields a list
of lengthn+ 1 when given an element of type’a and
a list of lengthn. Note that{n:nat} is a universal
quantifier, which is usually written asΠn : nat in type
theory.

Now list types have become more informative. The follow-
ing code defines the reverse append function on lists. We
use[] for nil and:: as the infix operator forcons .

let rec revApp = function
([], ys) -> ys

| (x :: xs, ys) -> revApp (xs, x :: ys)
withtype

{m:nat}{n:nat}
’a list(m) * ’a list(n) -> ’a list(m+n)

The function is defined with pattern matching, an attrac-
tive feature in many functional programming languages.
For example, the first matching clause([], ys) -> ys
means thatrevApp returns listys when given a pair of
lists [] andys . Thewithtype clause is a type annota-
tion supplied by the programmer, which simply states that
the function returns a list of length ofm + n when given a
pair of lists of lengthm andn, respectively. We now present
some informal description about type-checking in this case.

For the first clause([], ys) -> ys , the type-
checker assumes thatys is of type’a list(b) for some
index variableb of sortnat . This implies that([], ys)
is of type ’a list(0) * ’a list(b) . The type-
checker then instantiatesm and n with 0 and b, respec-
tively, and verify that theys on the right side of-> is of
type ’a list(0+b) . Sinceys is of type’a list(b)
under assumption, the type-checker generates a constraint
b = 0 + b under the assumption thatb is a natural number.
This constraint can be easily verified.

Let us now type-check the second clause, namely the fol-
lowing one.

(x :: xs, ys) -> revApp (xs, x :: ys)

Assume thatxs and ys are of type’a list(a) and
’a list(b) , respectively, wherea andb are index vari-
ables of sortnat . Then (x :: xs, ys) is of type
’a list(a+1) * ’a list(b) , and we therefore in-
stantiatem and n with a + 1 and b, respectively. Also
we infer that the right siderevApp (xs, x :: ys)
is of type ’a list(a+(b+1)) sincexs andys are as-
sumed of types’a list(a) and’a list(b) , respec-
tively. We need to prove that the right side is of type
int list(m+n) for m = a+ 1 andn = b. This leads to
the following constraint,

(a+ 1) + b = a+ (b+ 1)

which can be immediately verified under the assumption
that a and b are natural numbers. This finishes type-
checking the above de Caml program. The interested
reader can always see [23] for the formal presentation of
type-checking in DML. When type-checking a program in
de Caml, we currently only solve linear constraints on in-
tegers, rejecting non-linear ones. This practice leads to a
decidable type-checking algorithm.

Instead of refining a type, it is also allowed to declare a
dependent datatype in de Caml. For instance, we can de-
clare the following.

datatype ’a list with nat =
nil(0) | {n:nat} cons of ’a * ’a list(n)

The declaration is basically equivalent to the refinement we
made earlier. However, there is also a significant difference.
When we declare a refinement, we must be able to interpret
the corresponding unrefined types in terms of refined ones.
For example, after refining the type’a list , we must in-
terpret this type in terms of the refined list type. We need ex-
istential dependent types for this purpose.’a list is in-
terpreted as[n:nat] ’a list(n) , that is,’a list
is ’a list(n) for some (unknown) natural numbern.
Note that[n:nat] is an existential quantifier, which is of-
ten written asΣn : nat in dependent type theory. This pro-
vides a smooth interaction between ML types and depen-
dent types. Suppose that functionf is defined before the list



type is refined and its type is’a list -> ’a list .
After refining the list type, we can assign tof the type
([n:nat] ’a list) -> [n:nat] ’a list , that
is, f takes a list with unknown length and returns a list with
unknown length. This makes it possible forf to be applied
to an argument of dependent type, say,int list(2) .
This is also essential for ensuring backward compatibility,
a very important issue when the use of existing ML code is
concerned.

There is another important use of existential dependent
types. In order to guarantee practical type checking in
de Caml, we must make constraints relatively simple. Cur-
rently, we only accept linear integer constraints. This im-
mediately implies that there are many (realistic) constraints
that are inexpressible in the type system of de Caml. For
instance, the following code implements a filter function on
a list which removes from the list all elements not satisfying
a given propertyp.

let filter p = function
nil -> nil

| x :: xs ->
if p(x) then x :: (filter p xs)
else (filter p xs)

In general, it is impossible to know the length of the result
of (filter p l) without knowing whatp and l are.
Therefore, it is impossible to type the function using only
universal dependent types. Nonetheless, we know that the
length of the result of(filter p l) is less than or equal
to that of l . This invariant can be captured by assigning
filter the following type.

(’a -> bool) ->
{m:nat} ’a list(m) ->

[n:nat | n <= m] ’a list(n)

Note that the syntax[n:nat | n <= m] stands for
Σn : {a : nat | a ≤ m} in type theory.

Another significant use of existential dependent types
is to represent a range of values. We can use the syntax
([n:nat] int(n)) vect to represent a type for the
vectors whose elements are natural numbers. This is use-
ful, for instance, to eliminate run-time array bound checks
[28]. In general, we view that the use of existential types
in de Caml for handling functions likefilter is crucial
to the scalability of the type system of de Caml since such
functions are abundant in practice.

We now turn our attention to the programming language
Xanadu. Probably, the most significant feature in Xanadu,
which we think is also novel, is that the type of a variable in
a program is allowed to change during program execution.
For instance, after the assignmentx = 1 is done, the type
of x becomesint(1) , reflecting that an integer equal to
1 is stored inx. Suppose we now executex = x+1 . This
assignment changes the type ofx into int(2) since+ is
assigned the following type

{i:int,j:int} int(i) * int(j) -> int(i+j)

(’a){m:nat, n:nat}
<’a> list(m+n)
revApp (xs: <’a> list(m), ys: <’a> list(n)) {

var: ’a x;
invariant:

[m1:nat, n1:nat | m1+n1 = m+n]
(xs: <’a> list(m1), ys: <’a> list(n1))

while (true) {
switch (xs) {

case Nil: return ys;
case Cons (x, xs): ys = Cons(x, ys);

}
exit;
}

}

Figure 3. An implementation of the reverse
append function on lists in Xanadu

in Xanadu. Let us now executex = factorial(x) ,
where factorial is given the type(int) -> int .
This changes the type ofx into int rather thanint(2) .

In Xanadu, one can declare union types, which corre-
spond to datatypes in ML. For instance, the following cor-
responds to the previous datatype declaration in de Caml2.

union <’a> list with nat = {
Nil(0);
{n:nat} Cons(n+1) of ’a * <’a> list(n);

}

A type (τ1, . . . , τn) → τ in Xanadu is for a function that
takesn arguments of typesτ1, . . . , τn, respectively, and re-
turns a result of typeτ . In Figure 3, the reverse append
function on lists is implemented in Xanadu. The function
header means thatrevApp has the following type.

{m:nat,n:nat}
(<’a> list(m), <’a> list(n)) -> <’a> list(m+n)

The invariant in the implementation states thatxs andys
are always lists of lengthsm1 andn1, respectively, at the
beginning of the loop, wherem1 + n1 = m + n holds.
With this, it can be verified in the type system of Xanadu
thatrevApp takes two lists as arguments and, if it returns,
returns a list whose length is the sum of the lengths of two
arguments.

Theswitch statement in the implementation uses pat-
tern matching. For instance, if the following clause

case Cons (x, xs): ys = Cons(x, ys)

is chosen at run-time, the head and tail ofxs are assigned to
x andxs, respectively, andCons(x, ys) is assigned toys,
and then the loop repeats.

2We require that constructor names in Xanadu begin with capital letters
for parsing purpose. The brackets<> in <’a> list are also for parsing
purpose.



In Xanadu, it is also allowed to declare dependent record
types. For instance, a record type for a heap can be declared
as follows,

{n:nat} record <’a> heap(n) {
max: int(n);
/* int[0,n] is the type for *

* integers between 0 and n */
size: int[0,n];
data[n]: ’a

}

where max is for the maximum heap size,size is for
the actual heap size anddata is for heap elements. We
useint[i,j] as an abbreviation for the syntax[a:int
| i <= a <= j] int(a) . Hence,int[0,n] is the
type for all integers between0 andn, inclusive. The decla-
ration states that for every type’a and every natural num-
bern, we can form a type<’a> heap(n) ; this type con-
tains three componentsmax, size anddata ; the types of
these components indicate thatmax can only store an inte-
ger equal ton, size can only store a natural number less
than or equal ton anddata is an array of sizen in which
each element is of type’a .

In theory, we have the freedom to assign a value of any
type to a variable in Xanadu, but we find it a good prac-
tice to impose some restrictions on this freedom. We assign
each variablex in Xanadu a typeτ that is called themas-
ter typeof x; if an assignmentx = e occurs in Xanadu for
some expressione, we must prove thate can be coerced into
an expression of typeτ . The notion of coercion is closely
related to subtyping. In particular, ifτ = Σa : γ.τ1 ande
has typeτ1[a := i] andi has sortγ, then we say thate can
be coerced into an expression of typeτ , whereτ1[a := i] is
the result of substitutingi for a in τ1. For instance, every
expression of typeint(i) can be coerced into an expression
of typeint, which is a short hand forΣa : int.int(a).

For a variable appearing as an argument in a function
declaration, the master type of the variable is the type era-
sure of the type of the argument. On the other hand, for
a variable declared in the body of a function, the type de-
clared for the variable is the master type of the variable. For
instance, the master types of variablesxs andys in Fig-
ure 3 are<’a>list and the master type forx there is’a .

We refer the reader to [26] for other programming lan-
guage features in Xanadu.

4 Examples

In this section, we present several examples in Xanadu to
show the use of a restricted form of dependent types in cap-
turing program properties. For the sake of limited space,
some presented examples are incomplete. We refer the
reader to [26] for complete versions of these examples and
many other examples. Also, we stress that all these exam-

{n:nat}
int bsearch(key: float, vec[n]: float) {

var: int low, mid, high;
float x;;

low = 0; high = arraysize(vec) - 1;

invariant:
[i:int, j:int | 0 <= i <= n, 0 <= j+1 <= n]
(low: int(i), high: int(j))

while (low <= high) {
mid = (low + high) / 2;
x = vec[mid];
if (key ==. x) { return mid; }
else if (key <. x) { high = mid - 1; }

else { low = mid + 1; }
}
return -1;

}

Figure 4. Binary Search

ples have been verified in the current prototype implemen-
tation of Xanadu.

4.1 Binary Search

We present the implementation of a binary search function
on an array of floating point numbers in Figure 4, where
key ==. x (key <. x ) tests whetherkey is equal
to (less than)x . In this implementation, we can prove in
the type system of Xanadu that the value ofmid is always
within the bounds ofvec whenx = vec[mid] is evalu-
ated. This, with the type safety of the program, guarantees
that the execution of the program will never cause memory
violations. Therefore, the memory safety of the program
has been statically verified.

In this example, the invariant given ahead of thewhile
loop is needed for proving the safety of the array sub-
scripting operation in the loop, which basically states that
there exist integersi and j satisfying 0 ≤ i ≤ n and
0 ≤ j + 1 ≤ n such thatlow andhigh equali andj, re-
spectively, at the entry point of the loop. Obviously, a natu-
ral question is whether such an invariant can be synthesized
from the structure of the program. We are less enthusiastic
about synthesizing invariants for essentially two reasons; in
general, it seems highly intractable to synthesize such in-
variants in realistic programming; also we encourage the
programmer to write type annotations since they can serve
as informative program documentation.

4.2 Sparse Array Multiplication

A polymorphic record<’a>sparseArray(m,n) is de-
clared in Figure 5 for representing two-dimensional sparse
arrays of dimensionmby n in which each element is of type



{m:nat,n:nat}
record <’a> sparseArray(m, n) {

row: int(m);
col: int(n);
data[m]: <int[0,n) * ’a> list

}

{n:nat}
float
list_vec_mult (xs:: <int[0,n) * float> list,

vec[n]: float) {
var: int i; float f, sum;;

sum = 0.0;
while (true) {

switch (xs) {
case Nil: return sum;
case Cons((i, f), xs):

sum = sum +. f *. vec[i];
}

}
exit;

}

{m:nat,n:nat}
<float> array(m)
mat_vec_mult (mat: <float> sparseArray(m,n),

vec[n]: float) {
var: nat i; float result[];;

result = newarray(mat.row, 0.0);

for (i = 0; i < mat.row; i = i + 1) {
result[i] = list_vec_mult (mat.data[i], vec);

}
return result;

}

Figure 5. Sparse Array Multiplication

’a . Let r be a record of the type<’a>sparseArray(m,
n) . Thenr has three components, namely,row , col and
data . Clearly, the types assigned torow andcol indicate
that r.row and r.col return the dimensions ofr , and
the type assigned todata states thatr.data is an array
of sizem, in which each element is a list of pairs that rep-
resents a row in a sparse array and each pair consists of a
natural number less thann and an element of type’a . Note
that we useint[0,n) as an abbreviation for the syntax
[i:int | 0 <= i < n] , that is, it is the type for all
natural numbers less thann. For instance, a list consisting
of two pairs(6, 2.7183) and(23, 3.1416) represents a row
in a sparse array where the 6th and 23rd elements are2.7183
and3.1416, respectively and the rest are0.0.

The functionlist_vec_mult computes the dot prod-
uct of a row in a sparse array and a given vector, and the
function mat_vec_mult multiplies a given vector by a
sparse matrix and then returns a vector as the result. Notice
that all array subscripting here is proven safe in the type

{size:nat, s:nat, e:nat | s < e <= size}
[n:nat | s <= n < e] int(n)
split (start: int(s),

end: int(e),
vec[size]: float) {

var: int pivot; float x, tmp;
l: int[s, e]; h: int[s, e);;

pivot = get_pivot(start, end, vec);
l = start; h = end - 1; x = vec[pivot];

while (true) {
while (l < end) {

if (vec[l] <=. x) l = l + 1; else break;
}
while (start < h) {

if (vec[h] >. x) h = h - 1; else break;
}
if (l < h) {

tmp = vec[l];
vec[l] = vec[h];
vec[h] = tmp;
l = l + 1; h = h - 1;

} else return h;
}
exit; /* can never be reached! */

}

Figure 6. Quicksort on Arrays

system of Xanadu.

4.3 Quicksort on Arrays

We can implement quicksort on arrays in Xanadu and show
in the type system of Xanadu that this implementation is
memory safe. We present in Figure 6 a key functionsplit
in the implementation, which uses a pivot value returned by
get_pivot to perform array rearrangement.

The header of the functionsplit states that for natu-
ral numberssize, s ande satisfyings < e ≤ size, split
takes an integer equal tos and another integer equal toe and
an integer array of sizesize, and then returns an integern
satisfyings ≤ n < e. In Xanadu, we also use the syntaxx :
τ to declare thatx is a variable of typeτ . For instance, the
syntax l: int[s,e] , whereint[s,e] is an abbre-
viation for [i:int | s <= i <= e] int(i) , de-
clares thatl is an integer variable which can only store
an integeri satisfyings ≤ i ≤ e. Similarly, the syntax
h: int[s, e) , whereint[s, e) is an abbreviation
for [i:int | s <= i < e] int(i) , means thath
can only store an integeri satisfyings ≤ j < e.

It can be verified in the type system of Xanadu that ev-
ery array subscripting operation in the body ofsplit is
safe, that is, each subscript used is within the bounds of the
subscripted array.



/*
* var: float px[n+1], py[n+1];
* i: [i:nat] int(i) ;;
*/

j = 1;

invariant: [j:int | 1 <= j <= n] (j: int(j))
for (i = 1; i < n; i++) {

if (i < j) {
xt = px[j]; px[j] = px[i]; px[i] = xt;
xt = py[j]; py[j] = py[i]; py[i] = xt;

}

k = n / 2;

invariant: [k:nat | 2 * k <= n] (k: int(k))
while (k < j) { j = j - k; k = k / 2; }

j = j + k;
}

Figure 7. Bit reversing in Xanadu

4.4 FFT in Xanadu

We can also give an implementation of FFT in Xanadu and
verify that the implementation is memory safe. This is
an involved example in which loops are embedded up to
the fourth level (counting the outermost loop level 1). We
present in Figure 7 a fragment of the implementation which
performs bit reversing in FFT, where we have already de-
claredpx andpy as floating point arrays of lengthn + 1,
i as a natural number andj as an integer between0 andn.
The types ofi andj guarantee that all array subscripting in
bit reversing is safe.

Note the occurrence of the syntaxk: int(k) in the
invariant: the firstk , a run-time variable in Xanadu, is dif-
ferent from the secondk , which is a type index variable.
We informally explain how the assignmentj = j + k is
type-checked, usingj, k, n for the integer values stored in
j,k,n ; k < j is obviously false when this assignment is
evaluated since it is right after thewhile loop with loop
condition k < j ; also, the loop invariant indicates that
2 ∗ k ≤ n holds at this point; therefore,j+k has a value
between0 andn, which is allowed to be assigned toj ac-
cording the type ofj .

4.5 More Examples

Many more programming examples involving the use of de-
pendent types are available at [25] and [26], including im-
plementations of binary heap, heapsort, Gaussian elimina-
tion, etc. A distribution of de Caml, which is implemented
on top of Caml-light [13], is available at [25]. The im-
plementation of Xanadu is ongoing and the current code is

available at [26].

5 Related Work

The use of type systems in program error detection is ubiq-
uitous. Usually, the types in general purpose programming
languages such as ML and Java are of relatively limited
expressive power for the sake of practical type-checking.
The idea of using types as means for verification can be
traced back at least to Milner:well-typed programs can’t
go wrong. However, this is true in ML only if one admits
that “going wrong” does not include raising uncaught ex-
ceptions. In general, the use of types in program verification
is effective but too limited.

Our work falls in between full program verification, ei-
ther in type theory or systems such as PVS [20], and tra-
ditional type systems for programming languages. When
compared to verification, our system is less expressive but
more automatic. Our work can be viewed as providing a
systematic and uniform language interface for a verifier in-
tended to be used as a type system during the program de-
velopment cycle. Our primary motivation is to allow the
programmer to express more program properties through
types and thus catch more errors at compile-time. In ad-
dition, types can serve as informative program documenta-
tion, facilitating program comprehension.

There are already some type systems such as the ones un-
derlying Coq [7] and NuPrl [3], which are far more refined
than the type system of DML. However, type-checking in
these type systems is interactive and may often become a
daunting task for programmers. Since minor changes in
a program may often mean a major change in a proof (of
its well-typedness) and there are many changes to be made
during the program development cycle, the cost in effort
and time often deters the user from programming in such a
setting.

The notion of qualified types in [14] provides a general
framework for the combination of polymorphism and over-
loading. In the presence of qualified types, type-checking
involves constraint satisfaction. The Damas/Milner type
inference algorithm is extended to support qualified types,
which in turn specifies the set of all possible types for any
term. In DML, the notion of principal types is lost. In-
stead, we adopt a bi-directional type inference algorithm,
requiring the programmer to supply types annotations for
functions with dependent types. Therefore, as far as type-
checking is concerned, there is little overlapping between
qualified types and the DML-style dependent types.

The work on extended static checking (ESC) [5] also em-
phasize the use of formal annotations to capture program
invariants. These invariants can then be verified through
(light-weighted) theorem proving. ESC is developed on top
of the imperative programming language Modula-3. It pro-
vides a specification language for the programmer to spec-
ify properties including a list of variables that a procedure



may modify, a precondition that must be satisfied before a
function call, a postcondition that must hold when a func-
tion terminates, etc. A significant difference between ESC
and DML is that the former takes an approach based on first-
order logic assertions while the latter adopts a type-based
one. Further study is needed to determine whether ESC can
be readily extended to handling higher-order functions.

We have also designed a dependently typed assembly
language (DTAL) in which a restricted form of dependent
types can capture the memory safety property of assembly
code [27]. The design of Xanadu is partly motivated by
a need for generating DTAL code from source level pro-
grams.

The theoretical development of DML is presented in
[29], but it is less clear to the reader how the developed
theory can be applied in practice. In this paper, some realis-
tic examples in de Caml are given to address this question.
Also, it is shown with various examples in Xanadu that the
restricted form of dependent types in DML can also be ap-
plied to imperative programming. This gives the research a
potential to reach a (much) broader audience than [29].

It should be stressed that type-checking in DML is
largely independent of the size of a program since a type-
checking unit is roughly the body of a toplevel function. In
general, what matters in type-checking is the difficulty level
of the properties that are to be checked. This is also true
in Xanadu. We deliberately choose binary search, quick-
sort and FFT as our examples because of the difficulty in
proving these programs to be memory safe. We see it less
relevant to simply try large programs: if a program does
not use dependent types, no constraints are generated from
type-checking the program no matter how large it is.

In [29], we have already compared our work with the no-
tion of refinement types [8, 21], the notion of indexed types
[31] (an earlier version of which is described in [30]), the
notion of sized types [12], and the programming language
Cayenne [2].

6 Conclusion

In general, it is still largely an elusive goal to verify the
correctness of programs. Therefore, it is important to iden-
tify the properties that can be practically verified for real-
istic programs. We have shown with examples the use of
a restricted form of dependent types in facilitating program
verification and documentation. A large number of auto-
mated program verification approaches often focus on ver-
ifying sophisticated properties of some particularly chosen
programs. We feel that it is at least equally important to
study scalable approaches to verifying elementary proper-
ties of programs in general programming as we have advo-
cated in this paper.

In practice, comments in programs often constitute a
large portion of program documentation. It is a common
scenario that comments are often outdated or simply wrong,

and therefore cannot be fully trusted. With a dependent
type system, we can capture many sophisticated program
invariants through type annotations and mechanically verify
them, yielding both correct and informative program docu-
mentation.

Dependent types can also facilitate compiler optimiza-
tion. For instance, it is unnecessary to insert run-time array
bound checks when we compile the binary search function
in Figure 4 since the type system of Xanadu has already
guaranteed the memory safety of the implementation. This
can lead to some significant performance gains [28].

In general, we are interested in promoting the use of
light-weighted formal methods in practical programming,
enhancing the robustness of software. We have presented
some benefits of dependent types in program verification
and documentation in this paper in support of such a pro-
motion. Also we would like to use Xanadu as an example
to raise the awareness of the benefits of dependent types
outside the functional programming community.
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We present an implementation of Gaussian elimination
in Figure 8 without further explanation, where the type sys-
tem of Xanadu guarantees that the implementation is mem-
ory safe.

{m:nat, n:nat}
record <’a> matrix(m,n) {

row: int(m); col: int(n); data[m][n]: ’a
}

(’a){m:nat,n:nat,i:nat,j:nat | i < m, j < m}
unit rowSwap(data[m][n]:’a, i:int(i), j:int(j)) {

var: temp[]: ’a;;
temp=data[i]; data[i]=data[j]; data[j]=temp;

}

{n:nat,i:nat | i < n}
unit norm(r[n]: float, n: int(n), i: int(i)) {

var: float x;;
x = r[i]; r[i] = 1.0; i = i + 1;
invariant: [i:nat] (i: int(i))
while (i < n) { r[i] = r[i] /. x; i = i + 1;}

}

{n:nat, i:nat | i < n}
unit rowElim (r[n]: float, s[n]: float,

n: int(n), i: int(i)) {
var: float x;;
x = s[i]; s[i] = 0.0; i = i + 1;
invariant: [i:nat] (i: int(i))
while (i < n) {

s[i] = s[i] -. x *. r[i]; i = i + 1;
}

}

{m:nat, n:nat, i:nat | m > i, n > i}
int[0, m)
rowMax (data[m][n]: float, m: int(m), i: int(i)) {

var: nat j; float x, y; max: int[0, m);;
/* fabs: absolute value function for float */
max = i; j = i + 1; x = fabs(data[i][i]);
while (j < m) {

y = fabs(data[j][i]);
if (y >. x) { x = y; max = j; }
j = j + 1;

}
return max;

}

{n:nat | n > 0}
unit gauss (mat: <float> matrix(n,n+1)) {

var: float data[][n+1]; nat i, j, max, n;;

data = mat.data; n = mat.row;
for (i = 0; i < n; i = i + 1) {

max = rowMax(data, n, i);
norm (data[max], n+1, i);
rowSwap(data, i, max);
for (j = i + 1; j < n; j = j + 1) {

rowElim(data[i], data[j], n+1, i);
}

}
}

Figure 8. Gaussian Elimination


